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Abstract:

The ternary quadratic Diophantine equation given by 3XY = Z(X + Y)is analyzed for its

non-zero distinct integer points on it. A few interesting relations between the solutions and
special number patterns namely Polygonal number, Pyramidal number, Pronic number, Stella

Octangular number, Octahedral number and Nasty numbers are presented.
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INTRODUCTION:

The ternary quadratic Diophantine equations offer an unlimited field for research due to
their variety [1,25]. For an extensive review of various problems, one may refer [2-3,4-20,23,24].

In [21], a few integer solutions of the Diophantine equation 3XY =n(X+Y), have been

obtained by employing the Egyptian fraction representation of the number E. In this context one
n

may refer[4,22]. These results have motivated us for obtaining infinitely many non-zero distinct
positive integer solutions to the ternary quadratic Diophantine equation given by

3XY =Z(X+Y). Also, a few interesting relations among the solutions are presented.

NOTATIONS:

+ P": Pyramidal number of rank n with m sides

+ Tp : Polygonal number of rank with m sides

4+ Pr, : Pronic number of rank n
4+ SO, : stella Octangular number of rank n
4+ OH,: Octhedral number of rank n

METHOD OF ANALYSIS:

The ternary quadratic Diophantine equation to be solved for its non-zero integer
solutions is given by

3XY =Z(X+Y) )
To start with, it is noted that (1) is satisfied by
X,Y,2) =(2,2,3),(k+1 k[k +1],3k),(2,1,2),(3—k, k,k[3—K])
However, we have an another choice of solutions which is illustrated below.
The substitution of the linear transformations

X=u+Vv,Y=u—-V,(uzv=0) @)

in (1) leads to 3u? —2uz —3v? =0 ©)
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Treating (3) as a quadratic in u and solving for u, we get

u=irz+z2 +ov?] (4)

3

Employing the standard solutions of the Pythagorean equation, the square-root on R.H.S
of (4) is eliminated when

Z=2mn,v=%(m2—n2),(m>n>0) (5)

As our interest is on finding integer solutions, note that v is an integer
when m and n are replaced by 3M and 3N (M>N) respectively.

Then, we have
Z=18MN,v=3M? -N?), M>N>0 (6)

and from (4), u=6MN J_r3(M2 + N2)

Substituting the above values of u and v in (2), the two sets of non-zero distinct integer solutions
to (1) are as follows:

SET 1:

X(M,N) = 6M(M + N)
Y (M, N) = 6N(M + N)
Z(M,N) = 18MN

PROPERTIES:

% XL N)+Y(LN)-Ty N =6(modl7)

>

K/
*

X(N?,N+1) + Y(N? N +1) - 24P} — Tog n = 6(mod23)

)

% Y(M,2M? —1)+ Z(M,2M? —1) — 2450, +24T, 5 —24T4 \ =0(mod6)
% X(MJ)+Z(M,]) —6T,4 \ =0(mod3)
X X(M,1)+Y(M,1)—T10’M _TG,M = 0(mod2)

% X(2,N)+Y(2,N) - Ty \ = N(mod4)
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X/
X4

Y (M +1[M +2], M) - 6T4 1 = 36P%

L)

X/
°e

Y(M,M+1) —6T4’M = GPFM

X/
°e

Z(N,N) —Y(N, N) is a nasty number
% X(M,M)+Y(M, M) is a nasty number
SET 2:

X(M,N) =6N(M - N)
Y (M, N) = -6M(M - N)
Z(M,N) = 18MN

PROPERTIES:

% X(MD—Y(M,]) - 6T,  =0(mod3)

)

% X(MD)+Y(MD) + Ty p = —6(mod7)

@ Y(N?,N+1)-12PR +Typ N + T4 N =0(mod2)
& X(MJ)+Z(M,]) = 0(mod6)
* Y(L2N) =0(mod3)

@ Y(N,2N% +1) + 6T, \y =180H

@ X(N,N+1N +2]) +6T, y =36P§
% X(N+LN)+6T, N =6Pry
% X(-1,N)+6Pry =0
% 2X(M,M) +Y (M, M) + Z(M, M)}is a nasty number
REMARK:
It is worth mentioning here that, the square-root on the R.H.S of (4) is also eliminated when

Z=m2—n2,v=§mn,m>n>0.
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Employing the procedure similar to the above, one obtains two sets of non-zero distinct integer
solutions to (1) which are presented below:

SET 3:
X(m,n) = 6m? +2mn

Y(m,n) = 6m? — 2mn

Z(m,n) =9m? —n?

SET 4:

X(m,n) =6n(m—n)
Y(m,n) =-6n(m+n)

Z(m,n) = 9(m2 — n2)
CONCLUSION:

In this paper we have presented infinitely many non-zero integer solutions to the ternary
quadratic Diophantine equation 3XY = Z(X+Y). It seems that the positive integer solutions
presented in this paper are different from those in [21].
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