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a-B-ALMOST COMPACTNESS FOR CRISP SUBSETS OFA
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ABSTRACT :

This paper deals with a new type of compactness, viz., a-f-almost compactness for crisp subsets
of a fuzzy topological space X by using the concept of a-shading initiated by Gantner et al. [5].
Several characterizations of such subsets are obtained and also taking ordinary nets and power-

set filterbases as basic appliances some characterizations of such subsets have been done.
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INTRODUCTION

From very beginning, many mathematicians have engaged themselves to
introduce different types of compactness in a fuzzy topological space (henceforth to be
abbreviated as fts). In 1978, Gantner, Steinlage and Warren [5] introduced a sort of a-level
covering termed as a-shading and using this concept a new type of compactness, viz., a-
compactness has been introduced which is a generalization of compactness in an fts. Using the
idea of a-shading, in this paper we define the idea of a-f-almost compactness in an fts. A
suitably defined adherence of ordinary nets and power-set filterbases, a-S-almost compactness
for crisp subsets is also characterized, these characterizations being also true for a-f-almost

compactness of X if one puts 4 = X.

PRELIMINARIES

Throughout the paper, by (X, z) or simply by X , we mean an fts in the sense of Chang [3]. By
a crisp subset A of an fts X , we always mean A is an ordinary subset of the set X , the
underlying structure of the set X being a fuzzy topology 1, whereas a fuzzy set A[9] in an fts
X denotes, as usual, a function from X to the closed interval I = [0, 1] of the real line, i.e.,
A € I%. For afuzzy set A, the closure [3] and interior [3] of A in X will be denoted by cl A
and int A respectively. The support of a fuzzy set A in X will be denoted by suppA and is
defined by suppA ={x € X : A(x) # 0}. A fuzzy point [8] in Xwith the singleton support
{x} < Xand the value t (0 <t< 1) at x will be denoted by x;. 0x and 1 are the constant fuzzy
sets taking respectively the constant values 0 and 1 on X . The complement of a fuzzy set A4 in
X will be denoted by 15\ A [9], defined by (1x\ A)(x) =1 — A (x), foreach x € X . For any
two fuzzy sets A and B in x , we write A < B iff A(x) < B(x), for each x € X, while we
write AgB to mean A is quasi-coincident (g-coincident, for short) with B [8], i.e., if there
existsx € X such that A(x) + B(x) > 1; the negation of these two statements are written
asA £ B and AgB respectively. A fuzzy set A in X is called fuzzy regular open [1] if A =
intcl A. A fuzzy set B is called a quasi-neighbourhood (g-nbd, for short) [8] of a fuzzy set A if
there is a fuzzy open set U in X suchthatqU < B .
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8 1. FUZZY B-OPEN AND FUZZY B-CLOSED SETS : SOME RESULTS

Now we recall some definitions, theorem and result for ready references.

DEFINITION 1.1 [4]. A fuzzy set A inan fts X is said to be fuzzy g-open if A < clintclA.

The complement of a fuzzy f-open set is called fuzzy £-closed.

DEFINITION 1.2 [4]. The union of all fuzzy 8-open sets in an fts X , each contained in a fuzzy
set A in X, is called the fuzzy B-interior of A and is denoted by BintA.
A fuzzy set A is fuzzy B-open if and only if A = BintA.

DEFINITION 1.3 [2]. A fuzzy set A in an fts X is called a fuzzy B-open g-nbd of a fuzzy

point x, in X if there exists a fuzzy f-open set V in X such that x,.qV < A.

DEFINITION 1.4 [4]. The intersection of all fuzzy S-closed sets in an fts X containing the
fuzzy set A is called fuzzy B-closure of A, to be denoted by BclA.
A fuzzy set A inan fts X is fuzzy g-closed if and only if A = BclA.

RESULT 1.5 [2]. A fuzzy point x; in an fts X belongs to the fuzzy g-closure of a fuzzy set A

in X if and only if every fuzzy f-open g-nbd of x; is g-coincident with A.

THEOREM 1.6 [2]. For any two fuzzy g-open sets A and B in an fts X , AGB = fclA @B and
AqpclB.

8 2. a-B-ALMOST COMPACTNESS : CHARACTERIZATIONS

We first recall the definition of a-shading given by Gantner et al. [5]. When this concept

is applied to arbitrary crisp subsets of X we get the following definition.
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DEFINITION 2.1 [5].Let A be a crisp subset of an fts X . A collection ~ of fuzzy setsin X is

called an a-shading ( where 0 <a< 1) of A if for each x € A, there is some U, € ~ such that
U, (x) >a. If, in addition, the members of ~ are fuzzy open (8-open) then ~ is called a fuzzy

open ( resp. $-open ) a-shading of A.

DEFINITION 2.2. Let X be an fts and A be a crisp subset of X . A is said to be a-compact
[5] (resp., a-almost compact [7]) if for every fuzzy open a-shading (0 <a< 1) #~ of A, there is
a finite (resp., finite proximate) a-subshading of A, i.e., there is a finite subcollection 75 of 2~
such that { U: U € 7} (resp., {clU : U € 7}) is again an a-shading of A. If A = X in

addition, then X is called an a-compact (resp., a-almost compact) space.

We now set the following definition.

DEFINITION 2.3. Let X be an fts and A, a crisp subset of X . A is called a- f-almost
compact if each fuzzy B-open a-shading of A has a finite f-proximate a-subshading, i.e., there
exists a finite subcollection 7 of ~ such that {SclU : U € 7} is again an a-shading of A. If,
in addition, A = X, then X is called an a- f-almost compact space.

It follows from Definition 2.3 that

THEOREM 2.4.(a) Every finite subset of an fts X is a- f-almost compact.
(b) If A; and A, are a-f-almost compact subsets of an fts X , then so is A; U A4,.
(c) X is a-F-almost compact if X can be written as the union of finite number of a- S-almost

compact sets in X .

As BclA < clA, for any fuzzy set A inan fts X, it is clear from definition that a-f-almost
compactness imply a-almost compactness, but not conversely. To achieve the converse we need
to define some sort of regularity condition in our setting. The following definition serves our

purpose.
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DEFINITION 2.5. An fts X is said to be a-B-regular, if for each point x € X and each fuzzy
open set U, in X with U,(x) > a, there exists a fuzzy S-open set V, in X with V,.(x) > «
such that BclV, < U,.

Two other equivalent ways of defining a- $-regularity are given by the following result.

THEOREM 2.6. For an fts X , the following are equivalent :
(@) X isa- B-regular.
(b) For each point x € X and each fuzzy closed set F with F(x) < 1 — a, there is a fuzzy B-
open set U such that (BclU)(x) <1 —aand F < U.
(c) Foreach x € X and each fuzzy closed set F with F(x) < 1 — a, there exist fuzzy
B-open sets U and V such that V(x) > a,F < U and UgV.

PROOF. (a) = (b) : Let x € X and F be a fuzzy closed set with F(x) <1 —a. PutV = 14\F.
Then V is a fuzzy open set and V(x) > a. By (a), there is a fuzzy B-open set W in X with
W(x) > aand BcllW <V = 14\F. Then F < 14\BclW = Bint (1x\W) = U (say). Then U
is fuzzy B-open in X . Also, BclU = Bcl(Bint (1,\W)) = Bel(1x\BclW) = 1\
Bint(BclW) < 1,\W. Thus (BclU)(x) < (1x\W)(x) <1 — a.

(b) = (a) : Let x € X and U be any fuzzy open set in X with U(x) > a. Let F = 14\U. Then
F is a fuzzy closed set in X with F(x) < 1 — a. By (b), there is a fuzzy B-open set V such that
BclV)(x) <1—a and F <V. So (Ax\BclV)(x) > a, ie, W(x)> a where W =
1x\BclV = Bint(15x\V) is a fuzzy B-open set in X . Now BclW = Bcl(1x\BclV) =
1, \Bint(BclV) < 14\V < 14\F = U. Hence (a) follows.

(b) = (c) : For agiven x € X and a fuzzy closed set F with F(x) < 1 — a, there exists (by (b)) a
fuzzy B-open set U such that (BclU)(x) <1 —a and F < U. Then the fuzzy point x;_, &
BclU. Hence by Definition 1.4 and Result 1.5, there is a fuzzy B-open set VV in X such that
X1-oqV and VqU,ie , Vx)+1—a>1 =V(x) > a.
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(c) = (b) : Let x € X, and F, a fuzzy closed set in X with F(x) <1 — a. By (c), there exist

fuzzy B-open sets U and V such that V(x) > a,F < Uand UgV. Now V(x) > a = x;_,qV.
Thenas UgV, by Theorem 1.6, BclUqV = (BclU)(x) <1-V(x) <1- a.

THEOREM 2.7. In an a-S-regular fts X , the a-B-almost compactness of a crisp subset A of

X implies its a-compactness (and hence a-almost compactness).

PROOF. Let ~ be a fuzzy open a-shading of an a-f-almost compact set A in an a-S-regular
fts X . Then for each a € A, there exists U, € ~ such that U,(a) > a. By a-f-regularity of X,
there is a fuzzy B-open set V, in X with V,(a) > a such that BclV, < U, ... (1).

Let 7 ={V,:a € A}. Then 7 'is a fuzzy S-open a-shading of A. By a-f-almost compactness of
A, there is a finite subset A, of A such that 7o ={BclV,:a € Ay} is an a-shading of A. By (1),
76 ={U, : a € Ay} is then a finite a-subshading of ~. Hence A is a-compact (and hence a-

almost compact).

In what follows in the rest of this paper we would like to give different subsets of X , where

X is endowed, as, usual, with a fuzzy topology .

Mashhour et al. [6] defined a fuzzy set A in an fts X to be fuzzy regular semiopen if

there is a fuzzy regular open set U suchthat U < A < clU.

REMARK 2.8. It is obvious that fuzzy regular semiopen set is fuzzy -open. Indeed, A is fuzzy
regular semiopen = there exists a fuzzy regular open set U in X suchthat U <A <clU =
clintclU < clintclA = A < clintclA.

LEMMA 2.9. If V be a fuzzy -open set, then intclV is fuzzy regular open.

PROOF.intclV < intcl(clintclV) (as V is fuzzy [-open in X ) = intcl(intclV). Again
intcl(intclV) < intclV.

Therefore, intcl(intclV) = intclV. Hence intclV is fuzzy regular open.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [®JINEEELL as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering & Scientific Research
http://www.ijmra.us



April
2015

W_iﬁj Volume 3, Issue 4 SSN: 2347-6532

THEOREM 2.10. A subset A of X is a- f-almost compact if and only if every a-shading of A

by fuzzy regular semiopen sets in X has a finite f-proximte a-subshading.

PROOF. The proof follows from the definition of a- f-almost compactness and by the Lemma
2.9 which states that whenever {V; : i € A} is a fuzzy f-open a-shading of A, then {(intclV;) U

V;: i € A}isalso an a-shading of A by fuzzy regular semiopen sets.

THEOREM 2.11. A crisp subset A of an fts X is a-f-almost compact iff every family of fuzzy
p-open sets, the S-interiors of whose B-closures form an a-shading of A, contains a finite

subfamily, the S-closures of whose members form an a-shading of A .

PROOF. It is sufficient to observe that for a fuzzy p[-open set U, U
<Bint(BclU)<Bcl(Bint(BclU)) = BelU (Indeed, BclU < Bel(BintU) < Bel(Bint(Bcll))).

THEOREM 2.12. A crisp subset A of an fts X is a-f-almost compact iff for every collection
{F, :i € A} of fuzzy -open sets with the property that for each finite subset A, of A, there is x

€ A such that inf F (X) > 1 - a, one has inf (gcl F)(y)>1-o, forsome yeA.

ieA, ieA

PROOF. Let A be a-f-almost compact, and if possible, let for a collection {F, :i € A} of fuzzy

B-open sets in X with the stated property, (Q\ pel F)(X)<1-a, foreach x € A. Then o< (1x\
igﬂcl F)(X) = [ig(lx\ﬂcl F.)1(x), for each x € A which shows that {14\ gcl F:ieA}is
a fuzzy B-open a-shading of A. By a-f-almost compactness of A, there is a finite subset A, of
A such that { gl (1x\ Sl F):ie A} = {15 \Bint(BclF;):i € Ay} is an a-shading of A.
Hence o< [i:/fo( 1\ gint (Bl F)](x) = [1X\(i€r/30 pgint(pel F))](x), for each xe A. Then
(Qo F.)(x) < [iQ0 pgint(pcl F)](x) <1 —a, for each x € A, which contradicts the stated property

of the collection {F, :i € A}.
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Conversely, let under the given hypothesis, A be not a-f-almost compact. Then there is

a fuzzy B-open a-shading ~= {U,:ie A} of A having no finite f-proximate a-subshading,
i.e., for every finite subset A, of A, {fclU, i€ A,}isnotan a-shading of A, i.e., there exists

x € A such that sup(gclU;)(X)<a, i.e., 1-sup(pcl U;)(x)= inf (1, \ pclU;) (x) >1-a. Hence

ieA, ieA, ieAq
{15\ pclU,:ie A} is a family of fuzzy f-open sets with the stated property. Consequently,

there is some yeA such that inf[gcl (@, \ gclU,)](y)> 1-o. ThensupU,(y)<

ieA ieA

sup[Aint(Scl U))I(y) =1-inf [1\ Aint (Fcl U;)I(y)  =1-inf [ gl (1 \ pelU;)I(y) <o This

ieA ieA ieA

shows that {U, :i € A } fails to be an a-shading of A, a contradiction.

8§ 3. CHARACTERIZATIONS OF o-B-ALMOST COMPACTNESS VIA
ORDINARY NETS AND POWER-SET FILTERBASES

In this section, we characterize o-f-almost compactness of a crisp subset A of an fts X via

a-S-adherent point of ordinary nets and power-set filterbases.
Let us now introduce the following definition :

DEFINITION 3.1. Let {S, :ne (D, =) } (where (D,>) is a directed set ) be an ordinary net in

A and . 7 be a power-set filterbase on A4, and x € X be any crisp point. Then x is called an o-f-
adherent point of

(a) the net {S,} if for each fuzzy B-open set U in X with U(x)>a and for each meD,
there exists k € D such that k>m in D and (gclU)(S,) >a,
(b) the filterbase . ~if for each fuzzy [-openset U with U(x) >a. and for each F €./, there

exists a crisp point X in F such that (gcl U)(x:)>a.
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THEOREM 3.2. A crisp subset A of an fts X is a- S-almost compact if and only if every net

in A has an a-f-adherent pointin A.
PROOF. Suppose A is a-fB-almost compact, but there is a net {S,:ne (D, )} in A ((D,>)

being a directed set, as usual ) having no a-S-adherent point in A. Then for each x € A, there is

a fuzzy B-openset U, in X with U, (x) >a, and an m, € D such that (gcl U )(S,) <a, for all n
>m, (neD). Now, ~ ={14\pclU, :xe A} is a collection of fuzzy g-open sets such that for

any finite subcollection {1\ fclU, :i = 1,2, ..., k} (say) of ~, there exists m e D with m >
k

m,, i=12,..,kin D such that (_ulﬂcIUX_)(Sn)Sa, for all n>m (neD), i.e., inf (1x\
i= ' 1<i<k

AU, )(S,)21-a, forall n=m. Hence by Theorem 2.12, there exists some y e A such that

inf [fel (1, \ gl U)I(Y) 2 1o, de, (VU )(Y)< [V ANt(sIU)IY) = 1- [1- (

XeA

XuA([a’int (BelU D)) (Y)] = - inf [l (1x\ pclU)I(y)< 1 -1+ a = o. We have, in particular,

U, (y) <o, contradicting the definition of U . Hence the result is proved.

Conversely, let every net in A have an a-S-adherent point in A and suppose {F, :i € A}
be an arbitrary collection of fuzzy f-open sets in X . Let A, denote the collection of all finite
subsets of A, then (A, 2) is a directed set, where for pu, Ae A, p>\ iff uoA. For each pe A,

put F, ={F :ieu}. Letforeach ue A, there be a point x, € A such that inf F(x,)>1-
ieu
o ...(1).
Then by Theorem 2.12, it is enough to show that inf(fcl F,)(z) > 1- o for some z € A.

ieA

If possible, let inf(gcl F,)(z)<1—a,foreach ze A ...( 2).

ieA
Now, S ={x,:ue (A, >)}isclearly a net of points in A. By hypothesis, there is an

a-pB-adherent point z in A of this net. By (2), inf(f5cl F;)(z) <1 - a= there exists i, € A such

ieA

that (pcl F )(2)<1-o,ie, (1x\ pcl F )(z)>o. Since z is an a-B-adherent point of S, for the

index {ig}e Ay, there is u,e A, with p,>{i}(i.e., ijep,) such that gel (1, \ gel F )(x, )
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>a, ie., gintgel F (x, )<1-a.Since iy ey, inf F(x, )<F (x, )<Aint gl F (x,)<1-

1€4

o, which contradicts ( 1 ). This completes the proof.

THEOREM 3.3. A crisp subset A of an fts X is a-B-almost compact if and only if every

filterbase ./~ on A has an a-f-adherent point in A.

PROOF. Let A be a-Balmost compact and let there exist, if possible, a filterbase ./~ on A

having no a-S-adherent point in A. Then for each x € A, there exist a fuzzy -open set U, with
U,(x)>a,and an F, ./ suchthat (gclU,)(y)<a, foreach yeF,. Then ~= {U,: Xxe
A} is a fuzzy f-open a-shading of A. By a-f-almost compactness of A, there are finitely many

points X, X,,..., X

n

in A suchthat 6= {fclU, : i=1 2,..., n} is also an a-shading of A.
Choose F €./ such that F <N, . Then (5clU, )(y)<o, forall y e F andfori =1,2,...,

n. Thus #4 fails to be an a-shading of A, a contradiction.

Conversely, let the condition hold and suppose, if possible, {y, : ne (D, > )} be a net
in A having no a-gB-adherent point in A ((D,>) being a directed set, as usual ). Then for x € A,
there are a fuzzy [-open set U, with U,(x)>a and an m, € D such that (fclU,)(y,) <a, for
all n>m, (neD). Thus .» ={F,:xe A}, where F,={y,: n>m_} generates a filterbase ./~

on A. By hypothesis, ./~ has an a-S-adherent point z (say) in A. But there are a fuzzy -open

set U, with U, (z)>a and an m, € D such that (BclU,)(y,) <a, forall n>m,, i.e,, forall p €
F,e.z(c ), (pclU,)(p)<c. Hence z cannot be an a-S-adherent point of the filterbase ./~ ,

a contradiction. Hence by Theorem 3.2, A is a-f-almost compact.

DEFINITION 3.4. A family {F, : ie A} of fuzzy sets in an fts X is said to have a-f-

interiorly finite intersection property or simply o-gB-IFIP in a subset A of X, if for each finite

subset A, of A, there exists x € A such that [Q LintF](x)>1- o
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THEOREM 3.5. A crisp subset A of an fts X is a-£-almost compact if and only if for every

family . = {F, : 1e A} of fuzzy B-closed sets in X with a-B-IFIP in A, there exists xe A

such that inf F,(x)>1 - a.

ieA

PROOF. Assuming A (c<X) to be a-f-almost compact, let ./ ={F, : i € A } be a family of

fuzzy p-closed sets with a-B-IFIP in A. If possible, let for each xe A, inf F(x)<1-aq, i.e,

ieA

(_r} F)X)<1l-aie, 1 —(.r} F)(X)> o :>[_k./)\(lx \ F)I(X)>a. Thus, ~ = {14\F, :ieA}isa
fuzzy B-open a-shading of A. By a-f-almost compactness of A, there is a finite subset A, of

A such that [iekAJ pgel (@, VF)I(x)=1- (iQ pintF)(x)>a, i.e., (iQ pint F)(x) < 1-a., for each

x e A, which shows that ./ does not have a-S-1FIP in A, a contradiction.

Conversely, let 2~ = {U,:i e A} be a fuzzy p-open a-shading of A. Thus ./ = {1\

U, :i e A} is a family of fuzzy S-closed sets in X with inf (15\U,)(x) <1-a, for each xe A, so

ieA
that ./ does not have a-gB-IFIP in A. Hence for some finite subset A, of A, we have for each

xeA, [Q LAint(1x\U)IX)< 1 — o= 1 - (_LA) pelu))(x)< 1 — a, for each xe A=

(_kj{ pelU;)(x)>a, for each xe A= A is a-f-almost compact.

Putting A = X in the characterization theorems so far of a-f-almost compact crisp

subset A, we obtain as follows.

THEOREM 3.6. For an fts ( X , 1), the following are equivalent :
(a) X is a-B-almost compact.
(b) Every a-shading of X by fuzzy regular semiopen sets has a finite f-proximate o-
subshading.
(¢ ) Every family of fuzzy -open sets, the g-interiors of whose -closures form an a-
shading of X, contain a finite subfamily, the S-closures of whose members form as

a-shading of X.
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(d) For every collection {F, : i € A} of fuzzy B-open sets in X with the property that

for each finite subset A,of A, thereis x e X such that inf F,(x)> 1- a, one has

ieAq

inf (5cl F)(y)=1-a, forsome y e X .

ieA
(e) Every netin X has an a-f-adherent pointin X .
(f) Every filterbase on X has an a-S-adherent pointin X .

(g) Forevery family . /= {F, : i€ A} of fuzzy §-closed sets in X with a- B-IFIP

in X, there exists x e X such that inf F,(x)>1-a.
ieA
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