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GENERALIZED ALMOST PARA-SASAKTAN MANIFOLDS
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ABSTRACT

In 1976, 1977, 1. Sato [3], [4] dicussed on a structure similar to almost contact structure. Also in
1979, K. Matsumoto and I. Sato [1] discussed on p-Sasakian manifolds satisfying certain
conditions and in 2011, R. Nivas and A. Bajpai [2] studied on generalized Lorentzian Para-
Sasakian manifolds. T. Suguri and S. Nakayama [5] considered D-conformal deformations on
almost contact metric structure. In this paper generalized para-Sasakian manifold, Generalized
special para-Sasakian manifold, generalised almost para-Sasakian manifold and generalized
almost special para-Sasakian manifold have been introduced and some of their properties have
been established. A generalized D-conformal transformation in a generalized almost para-

contact manifold has also been introduced.
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1. Introduction

Let M,, be an n-dimensional differentiable manifold, on which there are defined a tensor field
Fof type (1, 1), two contravariant vector fields T;and T, , two covariant vector fields A;and A,

and a metric tensor g, satisfying for arbitrary vector fields X, Y, Z, ...

(11) X=X—-AXT - A,00T, T1=0,T, =0, A4,(T) =1, 4,(Ty) =1,
X©FX, A,(X)=0, A,(X)=0, rank F=n-2
(12) gXYV)=gX,Y)—A4,X)A(Y) — 4,(X)A,(Y), where 4, (X) = g(X, T,),

A0 =gX,Ty), FXY)%g(X, Y)="F(,X),

Then M,, is called a generalized almost Para-Contact manifold (a generalized almost P-Contact
manifold) and the structure (F, Ty, T,, A4, A5, g ) is called a generalized almost Para-Contact

structure.

Let D be a Riemannian connection on M,,, then we have

(13) (@) DxF)(Y, 2)+ (D' F)(Y,Z) + A, (Y)(Dx A1) (Z) + A, (V) (DxA,)(Z) +
Al1ZDXAIV+A27DXA2YV=0

() (Dx'F)(Y, Z)+ Dx'F)(Y,2) + A, (Y)(DxA)(Z) + A,(Y)(DxA,)(Z) +

A, (Z)(DxA,) (?) + A,(Z) (DXAZ)(?) =0

W)@ P (7 Z)+ 0P (Y.Z)=0

0 ©xF) (7 Z)+0R)(Y, Z)=0

A generalized almost P-Contact manifold is called a generalized Para-Sasakian manifold (a

generalized P-Sasakian manifold) if
15) @  2(DxF)(Y) + {4, () + A, X+ g(X, V)T +Ty) =0 &

(b) 2D F)(Y,Z) + (A, (V) + 4,()} g( X, Z) + {A1(Z) + A,(D)}g(X,Y) =0 &
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(c) DyT, = X — Ty, DxT, = X - T;
This implies

(1.6) @) 2(Dx'F)(Y,Z) + {A1(Z) + A,(DYF(X,Y) =0
(0) 2005°'F) (¥, 2) + (4:(2) + A,(2)}g(X,¥) = 0

©  2x'F)Y,2) + Ai(V)(DxA)(Z ) + A, (V) (DxA)(Z) + {A1(2) +
A,(DYg(X,Y)=0
On this manifold, we have
(L7) (@) (DxAD(Y) = (DxA)(Y)=g(X, V) &
(b) (DxAD)(Y) + Ay (V) = (DxAz)(Y) + Ay(Y) = F(X,Y)

A generalized almost P-Contact manifold is called a generalized Special Para-Sasakian manifold

(a generalized SP-Sasakian manifold) if

(18) (@) 2(DxF)(Y) + {4, (V) + 4,(")} X + FX,Y)(T,+T,) =0 &
(b) 2D F)(Y,Z) + {4, (Y) + 4,(V)} F(X,Z) + {4:(2) + A,(2)} FX,Y) =0 &
© DT, =X-—T, b I T,

This implies

(1.9) @) 2(Dx'F)(Y,Z) +{A1(Z2) + 4,(D}g(X, Y) =0
(0) 20xF) (V,2) + (4,(2) + A,(DYF(K,¥) = 0

(©) 2(Dx F)(Y, Z2) + A;(Y)(DxA)(Z) + A, (V) (DxAZ)(Z) + {A1(2) + A, ()} F(X,Y) = 0
On this manifold, we have

(1.10) (@) (DxA)(Y) = (DxA)(Y)="FX, V) &
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(b) (DxAD(Y) + A, (V) = (DxA)(Y) + A (V) = g(X, Y)
Nijenhuis tensor in a generalized almost P-Contact manifold is given by
(1.11) "NX,Y,Z2) = (D3 F)(Y,Z) — (D7 F)(X,Z) — (D' F)(Y,Z) + (Dy'F)(X, Z)
Where ‘N(X,Y,Z) & g(N(X,Y),Z)
2. Generalized Almost Para-Co-symplectic manifold

A generalized almost P-Contact manifold will be called a generalized almost P-Co-symplectic

manifold if

(2.1) 2(Dx'F)(Y, Z) + 2(Dy'F)(Z,X) + 2(D7 F)(X,Y) + A,(X){(DyAD(Z) + (D,A)(Y)} +
A, (X{(DyA)(Z) + (DzA)(Y)} + A (N{(DxAD(Z) + (DzA)(X)}
+A,(V{(DxA)(Z) + (DA (X)} + AL (D){(DxAD(Y) + (DyAD(X)} +
A, (D{(DxAD(Y) + (DyA)(X)} =0

3. Generalized almost Para-Sasakian manifold

A generalized almost P-Contact manifold will be called a generalized almost Para-Sasakian

manifold (a generalized almost P-Sasakian manifold) if
(B1) Dx’F)Y,Z)+ (DyF)(Z,X) + (D F)X, V)+HA,X) + 4,(0Yg(Y ,Z) +
(A (V) + AN} g(X,Z) + {A.(2) + A, (D)} g(X,Y) =0

Therefore, A generalized almost P-Co-symplectic manifold is a generalized almost P-Sasakian

manifold if

(3.2) (@) (DXAl)(?) = (DXAZ)(?) = 9(7, ?) <

(b) (DxAD(Y) + Ay (V) = (DxA)(Y) + A (Y) = F(X,Y) & () DxTy=X-T;,
DyT, =X -T,

Barring X, Y, Zin (1.11) and using equations (3.1), (1.4) (a), we see that a generalized almost P-

Sasakian manifold is completely integrable if
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33) OyHT.2)+OyFZ.X) + D7 HE,7) =0

4.  Generalized almost Special Para-Sasakian manifold

A generalized almost P-Contact manifold will be called a generalized almost Special Para-

Sasakian manifold (a generalized almost SP-Sasakian manifold) if
4.1) Dx'F)(Y,2) + (Dy'F)(Z,X) + (D F)(X,Y)

HA (X)) +A,(XD}FY,2) +{A,(Y) +A,(Y)} 'F(Z,X)+{A,.(Z) + A,(Z)} 'F(X,Y) =0
Therefore a generalized P-Co-symplectic manifold is a generalized SP-Sasakian manifold if

(42) @) (DxAD(Y) = (DxA)(Y)="FX, V) &

(b) (DxA)(Y) + A,(Y) = (D) (V) + A, (V) = g(X, V)& () DTy =X—Ty,
D, T, = 1

Barring X, Y, Z in (1.8) and using equations (4.1), (1.4) (a), we see that a generalized almost SP-

Sasakian manifold is completely integrable if
43) (OzF)(Y,Z) = (D=F)(Z,X) = (DsF)(X,Y) = 2(Dx F)(Y ,Z)
5. Generalized D- Conformal transformation.
Let the corresponding Jacobian map B of the transformation b transforms the structure
(F,Ty,T,, Ay, Ay, g ) to the structure (F,V,, V5, vq, Uy, ) such that
(5.1) @ BZ=BZ  (b) h(BX,BY)ob=eg(X,Y) + e2° A;(X)A1(Y) + 27 A,(X)A,(Y)
(c) Vi=e BT, V,=e BT, (d)v,(BX)ob=¢e%A,(X), v,(BX)ob = e’ A,(X)
Where o is a differentiable function on M,,, then the transformation is said to be generalized D-
conformal transformation. If o is a constant, the transformation is known as D-homaothetic.
Theorem 5.1 The structure (F, V,,V,,v4, vy, h) is generalized almost Para-Contact structure.
Proof. Inconsequence of (1.1), (1.2), (5.1) (b) and (5.1) (d), we have
h(BX,BY )ob =e° g (X,Y) = h(BX,BY)ob — e2? A;(X)A,(Y) — €27 A,(X)A,(Y)
= h(BX,BY)ob — {v,(BX )ob}{v,( BY )ob} —
{v,( BX )ob}{v,( BY )ob}
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This implies
(5.2) h(BX,BY ) = h(BX,BY) —v;(BX)v;(BY) —v,( BX) v,( BY)
Using (1.1), (5.1) (a), (5.1) (c) and (5.1) (d), we obtain

(53)  BX = BX = BX — A,(X)BT,—A,(X)BT, = BX — {v,( BX Yob}V, — {v,( BX )ob}V,
Also
(54) V,=e°BT;=0,V,=e°BT, =0
Equations (5.2), (5.3) and (5.4) prove the statement.
Theorem 5.2 Let E and D be the Riemannian connections with respect to h and g such that
(5.5) (@) EgxBY = BDyY + BH(X,Y) (b) "H(X,Y,Z) & g(H(X,Y),Z)
Then we have
(5.6) 2EgzxBY =
2BDyY + B[2e° {(Xo) A; (Y) Ty+ (Xo) A, (Y) Ty + (Yo) AL (X) Ty + (Yo) A, (X) T, —
(T'GVo) Ay (X) 41(Y) = (T'GV0) 4; (X) 4 (V)}+(e? = D{(DxA)(Y) + (DyA) (X) —
ZAIAX Y T1+eog —1DXAZY+DVAZX—-2A2HX V7 2+eo
—1AIXDF¥T1+AZXDYT2+A1VDXT1+AZVDXT72—A1X(—16GVNAD) V—A2X(—16GVA2) V—A1V
(—16VADX=AZV(—16VA2) X]
Proof. Using (5.1) (b), we get
BX(h(BY,BZ))ob = X{e? g (Y,Z) + €2 A, (Y)AL(Z) + e%° A,(Y)A;(2)}
Consequently
(5.7)  h(EgxBY,BZ)ob + h(BY,EgxBZ)ob =
(Xa)e’ g (Y,Z) +e°g (DxY,Z) + e g (Y, DxZ) + 2(Xa)e? A, (Y)AL(Z)

+ €29 (DyA))(Y)A{(Z) + e?° (DyA)(Z)AL(Y) + €% A (DxY)A,(Z)

+ €27 A (DxZ)AL(Y) + 2(X0)e? A,(Y)A,(Z) + €29 (DyA,)(Y)A,(Z)

+e%? (DxA3)(Z)A5(Y) + e2? Ay (DxY)Ay(Z) + e2? Ay (DxZ)A,(Y)
Also
(5.8)  h(EpxBY,BZ)ob + h(BY,EgxBZ)ob = e° g (DxY,Z) + €%° A;(DxY)A(Z) +
€27 A,(DxV)Ay(Z) + e g (HIX,Y),Z) + €27 Ay(H(X,Y)) A, (Z) + €2 A,(H(X,Y))A,(Z) +

e’ g (Y, H(X,Z) +e?° A;(V)AL(H(X,2)) + e A,()A,(H(X,Z)) + e g (Y, DxZ) +
e A(DxZ)AL(Y) + e*? Ay (DxZ)A,(Y)
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Inconsequence of (1.3) (a), (5.7) and (5.8), we have

(5.9)

Xo)g (Y,Z) + 2(X0)e? A, (V)AL (Z) + 2(Xo)e® A,(Y)A,(Z) + (e° — D{(DxA) (NAL(Z) +
(DxA,) (V)AL (Z) + (DxA)(Z2)AL(Y) + (DxAy)(Z2)A,(Y)YH(X,Y,Z) + "H(X,Z,Y) +

(e? = 1) {A(HX,))AL(Z) + A;(H(X, V)AL (Z) + A (H(X, 2)) A (V) +

A, (H(X,2))A,(V)}

Writing two other equations by cyclic permutation of X, Y, Z and subtracting the third equation

from the sum of the first two equations and using symmetry of “H in the first two slots, we get

(5.10) 2HX,Y,Z) = 2e° {(X0)A1(Y)AL(Z) + (Xa)A,(Y)A,(Z) + (Yo)A(Z)A (X)) +

(Y0)A3(2)A(X) — (Zo) A1 (X)AL(Y) = (Za)A,(X) A, (V)} + (e — D[A1(D{(DxA)(Y) +

(DyA)(X) — 24, (HX, 1))} + A2 (2){(DxA2) (V) + (DyA)(X) — 24,(H(X, 1))} +

A O{(DyA1)(Z2) — (DzAD(Y)} + A, CO{(DyA2)(Z2) — (DzA) ()} + A1 (Y){(Dx A1) (Z) —

(DzA1)(X)} + A, (V){(Dx42)(Z) — (D2A2) (X)}]

This implies

(5.11) 2H(X,Y) = 2e° [(Xa)A (V)T + (X0)A,(Y) T, + (Yo)A,(X)T; + (Yo)A,(X) T, —

(1GV0)A; (XA (V) = (T16V0) A, (X4, (] + (7 — D{(Dx A (V) + (DyAD(X) —

24, (HX, V)T, + {(DxA) (V) + (DyAL)(X) — 24,(H(X,Y))} T + A1 (X)(Dy Ty) +

A,(X)(Dy T,) + A, (Y)(DxT,) + A5, (Y)(Dx T) — Al(X)(_lGVAl)(Y) —A,(X)(CIGVA)(Y) —

A, (N(HGEVADNX) — A, (N (THGVAz) (X)]

Substitution of (5.11) into (5.5) (a) gives (5.6).
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