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Abstract:

In this paper, we present a new integer sequence is developed from the recurrence
relationJ,, , = ., —ad,, @ # B,(a, f - 0) with the initial conditions Yo =& 31 =Pyhere ab are

not zeros simultaneously, is illustrated.
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Introduction:

It is well known that the Fibonacci sequence is famous for its wonderful and amazing properties.
Fibonacci composed a number text in which he did important work in number theory and the
solution of algebraic equations. The equation of rabbit problem posed by Fibonacci is known as
the first mathematical model for population growth. From the statement of rabbit problem, the
famous Fibonacci numbers can be derived. This sequence of Fibonacci numbers is extremely

fruitful and appears in different areas in mathematics and science.

The Fibonacci sequence, Lucas sequence, Pell sequence, Pell-Lucas sequence, Jacobsthal

sequence and Jacobsthal —Lucas sequence are most prominent examples of recursive sequences.
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The Fibonacci sequence [7] is defined by the recurrence relation F =F _,+F ,,k>2
withF, =0,F, =1. The Lucas sequence [7] is defined by the recurrence

relationL, =L, ; + L , k=2 iy Lo=2L, =1

The second order recurrence sequence has been generalized in two ways mainly, first by
preserving the initial conditions and second by preserving the recurrence relation. In this context,

one may refer [10].

D. Kalman and R.Mena [6] generalized the Fibonacci sequence by Fn=aFni+bF, ,n=2

with o =0.F =L.

A F. Horadam[5] defined generalized the Fibonacci sequence{Hn}

by Mo =Hna +Ho 2023 ieh Hi = P.H, = P+0 here p and q are arbitrary integers.

B. Singh, O. Sikhwal and S. Bhatnagar [11], defined Fibonacci like sequence by recurrence

S =S TEINEE S,ands

=2,5,=2. The associated initial conditions 1 are the

sum of the Fibonacci and Lucas sequence respectively. i.e, So =Fo+LoandS, =F +1,

relation

L.R. Natividad [8], Deriving a formula in solving Fibonacci like sequence. He found missing
terms in Fibonacci like sequence and solved by standard formula.

V.K. Gupta, V.Y. Panwar and O. Sikhwal [3], defined generalized Fibonacci sequences and
derivd its identies connection formulae and other results. V.K. Gupta, V.Y. Panwar and N.Gupta
[4], stated and derived identies for Fibonacci like sequence. Also, described and derived
connection formulae and negation formualae for Fibonacci like sequence. B.Singh, V.K.Gupta

and V.Y .Panwar [12], present many combination of higher powers of Fibonacci like sequence.
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The k-Fibonacci numbers defined by Falco ‘n’ Plaza.A [1], depending only an one integer
parameter k as follows, for any positive real number k, the Fibonacci sequence is defined

recurrently by F,, =kF ., +F,,,n=2 i Fo=0F,=1

In [2], A.D. Godase and M.B. Dhakne have presented some properties of k-Fibonacci and k-

Lucas numbers by using matrices.

In [9], Yashwant , K.Panwar, G.P. Rathore and Richa Chawla have established some interesting
properties of k-Fibonacci like numbers.

In this communication, a new integer sequence is developed by defining the recurrence
releationJ, , = A, —ady, @ # B.(@. B~ O) yith the initial conditions Jo =831 =Pwhere ab

are not zeros simultaneously. Various interesting relations among these numbers are exhibited.

Method of Analysis:
In this section a new integer sequence generated from the recurrence relation

Joy =R 0 —A,,a# (e, f>0)with the initial conditions Jg =a,J; =bwhere a,b are not

n+2

zeros simultaneously, is illustrated

Consider a sequence {J.} defined by

Joo =R, —ad,,a#p(a,[>0) )
with the initial conditions

Jo=2aJ1=D

where a,b are not zeros simultaneously.

The auxiliary equation associated with the recurrence relation (1) is given by

m? —Am—a =0

_ BHS +ba BB +4a

whose roots are m=—"—"—"M="——"—
Note that m +m,=4mm, =—«.

Thus, the general solution of (1) is
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J, =Am/ +Bm,.
From the initial conditions, we infer that
A+B=a;Am +Bm, =b
Solving for A and B, we get

_b-am, B am, —b

A ; .
m, —m, m, —m,

Thus, a notable sequence {J.}whose terms are given below, is obtained.

, _ (b—am)m’ + (am, —b)m;

= Am; + Bm; (sa
n m1 . mz 1 + 2 ( y) (2)
(b—am,) (am,—b)
A=—2andB=~—2>— 3
where m, —m, m,—m, 3

The new sequence{J, }is found to satisfy the following relations:

Identities:

(l) 6 a‘]4k_‘]22k .
' AB is a Nasty Number.
Proof:
‘]2k2 = (Am* + Bm;)?
_ A’m* +B’m;* + 2ABmX*mZ
_ A(AM* + Bm;* — Bm;*) + B(Am;* + Bm;© — Am;*) + 2ABmmZ*
= AlJ,, —Bm;*1+B[J,, — Am;“]+2ABm*m2*

[A+B]J,, —AB(M* + mj* —2m*m2 )

[A+B1J, — AB[m;* —m;*]*

8l — ABIMZ* —m2

2
a‘]4k _‘]Zk

Hence, 6( AB jisaNasty Number.

.. B M+4a2k .
(ii). AB is a Nasty Number.
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Proof:
aJMjA_BJZZk :[mlzk +m22k]2 _4m12km22k
_ 12
aJMjA\BJZk +4C(2k :[mlzk +m22k]2
a‘]4k _Jzzk 2k
Hence, 6( AB +4a” | s a Nasty Number.
5 2s-1 ol ; )
(|||) ‘]2k = (ﬂ ® —ZZScimls_'m;)JZFZS - S\]2k74s,Vk >2s>0.
i=1
Proof:
J,, = Am® + BmZ¥
3 (Amlzk—Zs +Bm2k 25)(m23 +m23) Am2k -2s 25 Bmzk Zsml
= Jpucas (M2 4 mE%) —mEmEAm{** + BmZ* ] (k > 25)
= Jpas(MP +m°)—a®J,, 4)
Since, (M, +m,)* = m?® +2s, mi*™'m, + 25, m**m; +.......+2s,__ mm;*™" +m;®
m 4 msS = ZZSC mZ5~'m
(5)
Using (5) in (4), we get
2s &t 25 i
Kk =B ZZSC m2)J2k 23—0( ‘J2k 45, VK =25 > 0.
2 Krp2s 2t 25 i
(iv). Icdk+2s =Jj.s + ABa [ ZZSC m, ]

Proof:
3 Jszs = (AMS + Bmy ) (Am“% + Bm; )

_ A2m12k+25+B m2k+ZS+AB(m1 mk+25+m mk+25)
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— k+s k+sy2 K+s aak+s K na k+2s K nq k+25
= (Am ™ +Bm,")* —2ABm; " m,” + AB(m;m,"= + mym")

= J7, +ABm ms(m> +m2* —2m’m3)

Using (5) in (6), we get

2s-1

- 12 krp2

= Ji s +ABa [B7° — Y 25, m
i=1

25—1

(6)

mE—ZaS]

25-1

i=1

Hence, Ikdkias = IZ, o + ABaX[5% —2a° - > 25, mZ*'m}]
6 ‘Jk‘]k+25 _‘]k2+s .

(V). ABo¥ is a Nasty Number.

Proof

From the identity (iv) we have

Jidiias — 2 [
Skt (] - m3)’

6 ‘]k‘Jk+25_‘]k2+s .

d; AB o is a Nasty Number.

Jk‘]k+25 _‘Jk2+s
(vi). 6{ ABS" +40” | s a Nasty Number.
Proof:
Jid +2s _‘]2+s s
Since, — Zéak = (m; —m;)°

_ (M’ +m)* —4a’

6 ‘]k‘Jk+25_‘Jk2+s 4ot
3 ABoF % | isaNasty Number.

(~]k+s‘Jk—s"aJZk)O‘S &

AB

_ ki p2s
(vii). =a [T -
=1
Proof:
Jy.sdis = (AMy™® + Bm;"*)(Am, ™ + Bm; ™)

— 2 A2k 2 2k K+ jaa k=S K+ aak—s
= A'm + B my  + AB(M ™ 'm;° +m;"m; %)

1 2k-1
2s—i i St g2k 2k—i i
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_ A{AMZ +BmZ* — Bm2*}+ B{AM* + BmZ* — AmZ}+ ABm/mj (m’m,* +msm,®)
= (A+ — AB(mZ +mZ*) + ABm,mj| — +—=%
(A+B)J,, — AB(ME* +mi*) + ABmEm| T+
m2 ml
k
= al,, AB(m2k+m2k)+AB—(m +m*)
(Jiss i ABa‘Jzk)a (m +m ) (m12k+m22k )
Using (5) in (7), we get
Jirsdks —ady)a® 2 s i
(Jk+sJk ZB 2k) :ak[ﬁZS ZZSC 25 |m2]_ s[ﬁ2k sz m2k |m|2]
N-1
(viii). (m, —1)(m, —1)2\]1( =Q-p)a-Jdy) -y, +b
k=0
Proof:
Since, Z‘] _Z(Am +Bm;)
k=0
N-1 N-1
_ A>.m +B> m;
k=0 k=0
5 AmlN —1+Bm§ 1
m, -1 m, =
N-1 d N
(m, =)(m, _l)ZJk = A(m, =1)(m;" -1+ B(m, -H(m, —1)
k=0
=A(m,m" —m, -m" +1)+ B(mm}' —m, —m}' +1)
=(A+B)-(Am' + Bm)")—(Am, + Bm,) +m,(Am" —Bm}' —Bm)') +m, (Am) + Bm} — Am")

=a—J, —(Am, +Bm,)+(m,+m)J, —J,.,
a+(B-DIy —Jy.—(af-b)
al-p)-QA-p)Iy —Ina+b
@-p)a-Jy)—Jy,.+b

Hence,

(M, ~1)(M, -1 J, = (A A e~ J,)~ I +b
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al, —JZ+al,, . ,—J?2

n+1

AB is written as sum of two squares.

(ix).

Proof:

J2+32, =(Am — Bm})* + (Am,** + Bm;*)?

n+1
_ AP + BPm2" + 2ABM’'m) + APm?"? + B2m2"? + 2 ABm ' my)

A(J,, —QmM") + B(J,, — Pm") + 2ABmm] + A(J,,.,, — Qme"?) + B(J,,,,, — Pm*"*%) + 2ABm *'m) ™

= ann - AB(m1n - mg)z - a‘Jzn+2 - AB(m1n+1 - m2+1)2

al, —JZ+al, . ,—J?

n+1

Hence, AB is written as the sum of two squares.

‘J2k‘]25_‘]k2+s i
(x). 6 o is a Nasty Number.

Proof:
Joedse = (AMX + BmZ*)(Am/® + BmZ®)
= A’mX* + B2 mZ2*? + AB(mZmZ2® + mZ“m?®)
= (AmS* + Bmjs™)® — 2 ABm, " my*™ + AB(m*mZ® + m*mZ)

— 2
- ‘]k+s

+ AB(mfm§ —mim;)°

-

Hence, 6(%} is a Nasty Number.

Conclusion:
In this paper, we have presented a remarkable integer sequence developed by the

recurrence  relation J. ., =/1..,-ad,, a#= S, (a,f>0)with the initial conditions
J, =a,J, =bwhere a,b are not zeros simultaneously. One may search for other choices of

integer sequences with suitable initial conditions.
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