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Abstract
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1 INTRODUCTION

The fuzzy graph theory as a generalization of Euler’s graph theory was first introduced by
Rosenfeld in 1975. The fuzzy relations between fuzzy sets were first considered by Rosenfeld,
who developed the structure of fuzzy graphs obtaining analogous to several graph theoretical
concepts. Later Bhattacharya gave some remarks on fuzzy graphs, and someoperations on fuzzy
graphs were introduced by Modeson and Peng. Recently, Akrametalintroduced the concept of

bipolar fuzzy graphs, interval-valued fuzzy graphs, Strong intuitionistic fuzzy graphs.

Talebi and Rashmanlou studied properties of isomorphism and complement on interval-valued
fuzzy graphs. Rashmanlou and jun defined complete interval-valued fuzzy graphs. Talebi,
Rashmanlou and Davvaz in investigated some properties of interval-valued fuzzy graphs such as
regular interval-valued fuzzy graphs, totally regular interval-valued fuzzy graph and complement
of interval-valued fuzzy graph. Talebi and Rashmanlou defined product bipolar fuzzy graphs and
isomorphism and complement on bipolar fuzzy graphs. Recently Rashmanlou and Pal defined
irregular interval-valued fuzzy graphs. More results on interval-valued fuzzy graphs, product
interval-valued fuzzy graphs and their degrees, intuitionistic fuzzy graphs with categorical
properties, some properties of highly irregular interval-valued fuzzy graphs. A study on bipolar
fuzzy graphs and investigated several properties. They defined isometry on interval-valued fuzzy
graphs. Samata and Pal introduced fuzzy tolerance graph,irregular bipolar fuzzy graphs, fuzzy k-
competition graphs and p-competiotion fuzzy graphs, bipolar fuzzy hyper graphs. In 1975, Zadeh
introduced the notion of interval-valued fuzzy sets as an extension of fuzzy sets in which the
values of the membership degrees are intervals of numbers instead of the numbers. Interval-

valued fuzzy sets provide more adequate description of uncertainty than traditional fuzzy sets.

2. PRELIMINARIES

In this section present some basic definitions. A fuzzy set A on X is characterized by a
mapping m: X — [0,1], called the membership function. A fuzzy set is denoted as A = (X, m). A
fuzzy graph ¢ = (V, o, 1) is a non-empty set V together with a pair of functions ¢:V — [0,1] and
u:VxV —[01] such that for all w,veV,u(u,v)<o(u)*oc(v) (Here x”"ydenotes the

minimum of x and y).
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Definition 2.1. The interval-valued fuzzy set A in V is define by A = {(x[pa (x),pa (X)]):XEV}
where pa’(x) and pa’(X) are fuzzy subsets of V, such that pa’(X) <pa“(x) for all X €V. For any
two interval-valued set A = [pa(X),ua’(x)] and B = [pug’(x),us"(X)] in V ,we define

. AUB={(x,max(pa (x),15 (X)),

max(ia’(x), 18" (X)): XEV}

. ANB={(x,min(pa (x),5 (X)),

min(pa“(x),us"(X)): X€V}

Definition 2.2.  An interval-valued fuzzy graph G is called complete if pg(Xy) =

min(pa(x),na(x)) and ve(xy) =min(va(x),va(x)), for each edge xy <E.

Definition 2.4. Let G be connected interval-valued fuzzy graph. The p-distance, 3,(V;,v)), is the
smallest p-length of any vi-vj path P in G, where vi,v; e V. That is, 8,(Vi,v;) = mintL,(p). The v-
distance , 8,(V;,Vj), is the largest v-length of any vi-v; path P in G, where vj,vj V. That is,
8y(Vi,vj)=max¢L,(p)}. The distance, 8(vi,V;), is defined as 8(vi,Vj) = [8,(Vi,Vj), 8u(Vi,Vj)].

Definition 2.5. Let G be connected interval-valued fuzzy graph for each vi eV, the p-
eccentricity of vj, denoted by ep(vi), is defined as ep(vi) = max { Su(vi,vylvi eV, vi £V}
For each v; €V, the v- eccentricity of v;, denoted by e,(Vi), is defined as e, (Vi) = max { 8,(Vi,Vj)|Vi

eV, vi £Vj}.For each v; eV, the eccentricity of v;, denoted by e(vi), is defined as e(vi) =

[en(vi)euvi)]-

Definition 2.6. Let G be connected interval-valued fuzzy graph. The p-radius of G is denoted by
r.(G) and is defined as r,(G) = min{e,(vi)[vi e V}. The v -radius of G is denoted by r,(G) and is
defined as r,(G) = min{e,(vi)|vie V}.The radius of G is denoted by r(G) and is defined a r(G) =
[r(G).1u(G)].

Definition 2.7. Let G be a connected interval-valued fuzzy graph. The p-diameter of G is
denoted by d,(G) and is defined as d,(G) = max{ eu(Vvi)[vi € V}. The v-diameter of G is denoted
by d,(G) and is defined as d,(G) = max{ e,(vi)|vie V}.The diameter of G is denoted by d(G) and
is defined as d(G) =[d.(G),d.(G)].

30 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com




ISSN: 2320-0294 LImpact Factor: 6.765

Example 2.1 Consider a connected interval-valued fuzzy graph G such that V ={u,v,w,x},
E={(w,x),(w,v),(w,u),(x.v),(u.v)}

u [0.2,0.3] v
[0.3,0.6]
[0.2,0.3]
[0.2,0.3]
[02.04] m,o.e]
w [0.2, X
(i) Distance d(vivj) is d(w,u) = [0.2,0.9], d(w,x) =[ 0.2,0.6], d(w,v) = [0.2,0.6],

8(v,x) =[0.2,0.9], 8(x,u) =[0.4,0.9], &(v,u)=[0.2,0.9].

(i) The eccentricities of the vertices are

e(w) =[0.2,0.9], e(x) = [0.4,0.9], e(v) =[0.2,0.9], e(u) =[0.4,0.9].
(iii) Radius of G is [0.2, 0.9], diameter of G is [0.4,0.9].

3. IRREGULAR INTERVAL- VALUED FUZZY GRAPHS
Irregular fuzzy graphs are important as regular interval- valued fuzzy graphs.
Definition 3.1. Let G = (A,B) be an interval-valued fuzzy graph. The degree of a vertex ‘v’ in G,

denoted by d(v), is defined as d(v) =[ Z us (uv), Z ug (uv) 1.

u,vek u,vekE
Definition 3.2. Let G= (A,B) be an interval valued fuzzy graph. An edge = uv is called effective
if pe’(uv) = pa(u) "pa(v) and ps*(uv) = pa’(u) » pa’(v), V u,vEE. It is denoted by pge(uv) =
[uge (uv), pge’ (UV)]. The effective degree of a vertex v in G, denoted by de(v), is defined as

de(V) =[ D] mee(UV), D pee'(uv) 1.

uveE UveE
Definition 3.3. Let G = (A,B) be an interval- valued fuzzy graph. The neighborhood degree of a
vertex v is defined as the sum of the interval —valued membership value of the neighborhood
vertices of v, and is denoted by dn(V).

Definition 3.4. Let G = (A,B) be an interval- valued fuzzy graph. The closed neighborhood

degree of a vertex v is defined as the sum of the interval —valued membership value of the
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neighborhood vertices of v, and including the interval- valued membership value of v, and is
denoted by dy[V].

Definition 3.5. Let G=(A,B) be an interval- valued fuzzy graph A= [pa , pa’] and B=[us , pg’]
be two interval valued fuzzy sets on a non-empty finite set V and E € VXV respectively. G is
said to be irregular interval-valued fuzzy graph if there exists a vertex which is adjacent to vertex
with distinct degrees.

Definition 3.6. Let G= (A,B) be an interval-valued fuzzy graph. Then the order of G is denoted
by O(G) and is defined by O(G) = [0 (G),0"(G)] where

0(G) =Y maWand0'G)=Y ua'(V)

ueVv ueVv
Definition 3.7. Let G = (A, B) be an interval-valued fuzzy graph. Then the size of G is denoted
by S(G) and is defined by S(G) = [S (G),S"(G)] where

S(G)=2 ue(W)&S(G)=2 us'(uv)

u,vekE u,vek
u=v u=v

Definition 3.8. An interval-valued fuzzy graph G = (4, B) is strong if pg’(uv) = pa(u) “pa (V)
and pg*(uv) = pa*(U) » pa’(v), v u,veE.

Definition 3.9. The density of an interval-valued fuzzy graphs G= (A,B) is D(G) = [D(G),
D*(G)], where D'(G) and D*(G) is defined by

D(G)=2 > (us (uv)) forall u,ve E

u,veV

D (A (u) A pa(v))

(u,v)eE

D'(G)=2 > (us"(uv)) forall u,ve E

u,veV

D (ua"(U) *pa’(v))

(u,v)eE
Definition 3.10. An interval-valued fuzzy graph G = (A,B) is balanced if D(H) < D(G)
that is D" (H) < D (G), D*(H) < D*(G), for all sub graphs H of G.
Example 3.1. Let G = (A,B) be an interval valued fuzzy graph, where V={u,v,w,x} and

E={uv,uw,vw,wx}. To find the O(G), S(G). Check the given graph is strong irregular interval
valued fuzzy graph and also check the given graph is balanced or not.

u W

[0.6,0.8] [0.2,0.8] [0.2,1.0]

J \
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[0.5,0.5]

[0.2,0.5] [0.2|1.0]

X

[0.5,0.5] [0.4,1.0]

Solution: The order of the graph G is
O(G) = [0 (G), 0*(G)] = O(G) =[1.7,3.3]
The size of the graph G is S(G) =[S (G), S*(G)] S(G) =[1.1, 2.8]
The degree of the graph G is

d(u) =[0.7,1.3], d(v) = [0.7,1.0],

d(w) =[0.4,2.3], d(x) =[0.2,1.0]

de(u) =[0.7,1.3], de(v) = [0.7,1.0],

de(w) = [0.4,2.3], de(x) = [0.2,1.0]

dn(u) = [0.7,1.5], dn(v) = [0.8,1.8],

dn(w) =[1.5,2.3], dn(x) =[0.2,1.0],

dn[u] =[1.3,2.3], dn[v] =[1.3,2.3],

dn[w] = [1.7,3.3], dn[x] = [0.6,2.0],

The above graph contains different degree for each vertex. So it is irregular interval-valued fuzzy

graph.

The graph is strong if pg’(uv) = pa (u) *pa(v) = 0.5, s (vw) = pa(v) *pa’(w) =0.2,
e (uw) = pa'(U) " pa(w) =0.2, e (WX) = pa' (W) " pa(x) =0.2,
pe’(uv) = pa’(u) * pa’(v) = 0.5, pe’(vw) = pa’(v) * pa’(w) = 0.5,
pe’(uw) = pa’(u) * pa'(w) = 0.8, pe’(Wx) = pa'(w) * pa’(x) = 1.0,

The density of G is denoted by is D(G) = [D*(G), D*(G)], The graph is balanced if D(H) < D(G)
that is D" (H) < D (G), D'(H) < D*(G), D(G) = [2,2]. Let H; = {u,v}, Ho= {uw}, Hs = {u,x},
Hs= {v,w}, Hs = {v,x}, Hs = {w,x}, Hz={u,v,w}, Hg={uw,x}, Hg={u,vx}, Hio={v,w,x},
Hi; = {u,v,w,x} be a non-empty sub graphs of G. Densities of these subgraphs are D[H;i] =
[2,2], D[H] = [2,2], D[Hs] = [0,0], D[H4] = [2,2], D[Hs] = [0,0], D[He] = [2,1], D[H7] = [2,2],
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D[He] = [2,2], D[Hq] = [2,2], D[H10] = [2,2], D[H1] = [2,2]. The condition D(H) < D(G) is

satisfied for all subgraphs H of G. Hence G is a balanced interval valued fuzzy graphs.

Example 3.2. Let G=(A,B) be an interval valued fuzzy graph, where V={u,v,w,x} and
E={uv,uw,vw,wx}.

u w
[0.2,0.8]

[0.4,0.5]

[0.4,0.5]

[0.3,0.4] [0.3,0.4]

[05.08] [0.4,0.4]

[0.2,0.4]

Vv
d(u) =[0.3,0.4], d(v) = [0.8,1.2], d(w) = [0.5,0.8], d(x) = [0.5,0.8]. Here the interval valued fuzzy
graph is highly irregular but not neighbourly irregular as d(w) = d(x) .

X

Corollary 3.1. In any interval-valued fuzzy graphs G = (A,B), the following conditions hold:
() Xvev d(Wy) = 2pev de(vy)

(i) Xp,ev Ay (vy) < Xyev dy[vi]

Proof. Let G = ( A,B) be an interval valued fuzzy graph. The degree of the graph if defined by
d(V)=[ D_ ms(uv), D us’(uv)]. Consider the example 3.1. In that graph we found that

u,vekE u,vekE

ZviEV d(v;) =[2,9]. (D)

The effective degree of a vertex v in G is defined as

de(V) =[ D] mee(UV), D pee'(uv) 1.

u,veE u,veE
In that example we found that
ZviEV d.(v)) =[2,9] -(2)
From (1) and (2) we get Y,.er d(v;) = Xy,ev de (V)

Therefore condition (i) holds.
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Considering the example
Lyev dy(v;) = [3.2,6.6] (3
Zvev dn[vi] =[4.9,9.9] (4
From (3) and (4) we get

Yvev Av(W) < Xpevdnlvi]
Therefore condition (ii) holds.

Corollary 3.2. Every strong interval —valued fuzzy graph is balanced.

Proof. The proof of this corollary is obvious from the example 3.1.An interval-valued fuzzy
graph is said to be strong and balanced if it satisfies the conditions S(G) = [S (G),S"(G)] and
D(H) < D(G). The example 3.1 satisfies both this condition. So that Every strong interval—

valued fuzzy graph is balanced.

Proposition 3.1. In any interval-valued fuzzy graph G = (A,B), the following inequalities hold:
(i) O (G)=S(G) (ii) 0"(G)=S"(G)
Proof. Let G = (A,B) be an interval valued fuzzy graph. Consider the example 3.1,

0(G) = [07(G),0*(G)] =[1.7,3.3]  ...(5)
0(G)=1.7,0%(G) =3.3
S(G) =[S(G), S*(G)] =[1.1,2.8]  ...(6)

S(G)=11,5'(G)=28

From (5) and (6), we get

0 (G)=S(G) and O*(G)= S*(G).
Hence (i) and (ii) holds.

Proposition 3.2. In any interval-valued fuzzy graph G = (A,B), the following inequalities hold:
(Nd(v;) = d.(v);(ii)dy (v;) = dy[v;]forany v; € V

Proof. Let G = ( A,B) be an interval valued fuzzy graph. Consider the example 3.1, in that graph
G contains four vertices {u,v,w,x}. Each vertex has degree that is equal to the effective degree of
those vertices then the inequality (i) holds. In that graph the neighborhood degree of a vertex v
is defined as dy (v;) and closed neighborhood degree of a vertex v is defined as dy[v;]. In that

example each dy (v;) less than the dy[v;]. Then the (ii) inequality holds.
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Proposition 3.3. In a strong interval-valued fuzzy graph G = (A,B), d(v;) = d.(v;) for all
v, EV.

Proof. Let G = (A,B) be an interval valued fuzzy graph. Consider the example 3.1, in that graph
G contains four vertices {u,v,w,x}. Each vertex has degree that is equal to the effective degree of
those vertices. That is in the above graph we have d(u) = de(u), d(v) = de(V) , d(w) = de(w), d(X)
= de(X). In a strong interval-valued fuzzy graph it should satisfies the condition d(v;) = d.(v;)

for each vertices in graph.

Theorem 3.1. Let G= (A,B) be an interval- valued fuzzy graph. Then G is a highly irregular
interval valued fuzzy graph and neighbourly irregular interval valued fuzzy graph if and only if

the degrees of all vertices of G are distinct.

Proof. Let G = (A,B) be an interval-valued fuzzy graphs where A= [ua , pa’] and B=[ug , pg’]
be two interval- valued fuzzy sets on a non-empty finite set V and VXV respectively. Let V =
{V1,V2Vs,.....vn}. Assume that G is highly irregular and neighbourly irregular interval-valued
fuzzy graphs. Let the adjacent vertices of ujbe upUs....u, with degrees  [k2, ko'], [Ks,
ks'],...[Kn, k'] respectively. As G is highly irregular, d(u;)# d(u2)# d(us).....# d(u,). So it is

clear that all vertices are of distinct degrees.

Conversely, assume that the degrees of all vertices of G are distinct. That is every two adjacent
vertices have distinct degrees and to every vertex the adjacent vertices have distinct degrees.
Hence G is neighbourly irregular and highly irregular interval-valued fuzzy graphs.

4 CONCLUSION

In this paper described the order, size of the interval-valued fuzzy graphs. The interval- valued
fuzzy graph model gives better accuracy compared to the classical fuzzy models. In this paper
the concept of the strong interval-valued fuzzy graphs, irregular interval-valued fuzzy graphs and
balanced interval-valued fuzzy graphs are discussed. Some relations about the defined graphs

have been presented.

36 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com




ISSN: 2320-0294 LImpact Factor: 6.765

REFERENCES

[1] B.Ahmed and A.Nagoorgani, Perfect fuzzy graphs, Bulletin of Pure and Applied Sciences,
28, 83-90,2009.

[2] M.Akram and W.A.Dudek, Interval-valued fuzzy graphs, Computers and Mathematical
Applications, 61, 289-299, 2011.

[3] Basheer Ahamed Mohideen, Strong and regular interal-valued fuzzy graphs, Journal of Fuzzy
set valued Analysis 3, 215-223, 2015.

[4] P.Bhattacharaya, Some remarks on fuzzy graphs, Pattern Recongnition Letter 6, 297-302,
1987.

[5] Hossein Rashmanlou and Madhumangal pal, Balanced interval-valued fuzzy graphs, Journal
of physical Sciences, 17, 43-57, 2013.

[6] Madhumangal pal and Hossein Rashmanlou, Iregular interval-valued fuzzy graphs, Annalas
of pure and applied Mathematics, 3 (1)56-66, 2013.

[7] A.Nagoorgani, M.Basheer Ahamed, Order and size in fuzzy graphs, Bulletin of Pure and
Applied Sciences, 22E(1), 145-148, 2003.

[8] A.Nagoorgani, K.Radha, On regular fuzzy graphs, Journal of Physical Sciences, 12, 33-40,
2008.

[9] A.Nagoorgani, A.Latha, On irregular fuzzy graphs, Applied Mathematical Sciences, 6(11),
517-523, 2012.

[10] H.Rashmanlou, Y.B.Jun, Complete interval-valued fuzzy graphs, Annals of Fuzzy
Mathematics and Informatics, 6(3), 677-687, 2013.

[11] N.R.Santhi Maheswari, C.Sekar, On Pseudo regular and Pseudo irregular Bipolar fuzzy
graphs, Annals of pure and applied mathematics,11(2), 123-131, 2016

[12] L.A.Zadeh, Fuzzy sets, Information Control 8, 338-353, 1965.

37 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com




