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Abstract 

Lie group Theory is applied to differential equations occurring as mathematical models [4]. This 

paper seeks to obtain a generator T for a harmonic fourth order non-linear ordinary differential 

equation using the Lie Symmetry group invariant Method. This method makes use of 

infinitesimal transformations. The Generator T of infinitesimal transformation is then used to 

obtain the general solution to our harmonic differential equation. The solution to our differential 

equation is handy in the field of mechanics. 
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1. Introduction 

Lie group theory provides very strong tools for solving ordinary and partial differential equations 

specifically those that are nonlinear [3]. The key point here is to obtain the Lie point symmetry 

of a given differential equation and then obtain its invariant solutions. This helps to reduce the 

order for the case of an ordinary differential equation [2]. However for a partial differential 

equation, this process reduces the number of independent variables [5]. In this paper we shall lay 

our emphasis on an ordinary differential equation which is fourth order, nonlinear and harmonic 

in nature. We seek to get its Generator of infinitesimal transformation. 

 

2. Obtaining the Generator for our harmonic fourth order ordinary differential 

equation    

The differential equation which is an identity in , , ,x y y y and y    yielded by the     harmonic 

fourth order differential equation 
   

14
y y y y


   is given by [1]  
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Equation (2.1) simplifies to 
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Equation (2.3) can be further simplified to 
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

 

2

2
6y

x





2

16y y
x y


 

 

2
2

2
10y y

y


 


10y y

y


 



3

3
4y

x





 

3

2
18y y

x y


 

 

2
212y

x y



 

3
2

2
24y y

x y


 

 

2
2

2
15y y

y


 


 

2
3

2
10y y

y


 



4

4
y

x





4
2

3
4y

x y



 

2

4y y
x y


 

 

4
3

2 2
6y

x y



 

 

4
4

3
4y

x y



 

4
5

4
0y

y


 


                                                                                       (2.4) 

From (2.4) we obtain the following coefficients 

 

 

 

2 2
0 1

2

2 2
1 2 1

2

2
2

2

: 4 6

: 4 16

: 10

y y y
x x y x

y y y y
y y x y

y y
y

  

  






 

  
    

   

  
    

   


  


 

 
3 3

0

2 3
: 6 4y y

x y x

  
  

  
 

 
2 2 3 3

1 1 1

2 2 2
: 3 3 12 18y y y y

x y x x y x y

       
     

      
 

 
2 2 3 3

2 1 1

2 3 2
: 3 9 6 24y y y y

x x y y x y

       
     

     
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 
2 3

3 1

2 3
: 6 10y y y

y y

   
  

 
 

 
2 2

0 1

2
: 4 6

: 6 4

: 10

y y y
x x y x

y y
y y

y

  

 



   
    

   

 
   

 






 

   

   

2 2
0 2

2

2
1 2 1

2

: 3 12

: 3 15

y y
y x y

y y y
y y

 

 

 
  

  

 
  

 
 

 

 

 

4
0

4

3 4 4
1 1

3 3 4

3 4 4 4 3
2 1 1

2 2 2 2 2 3 3

:

: 4

: 3 3 3 4

y
x

y y
x x y y

y y y
x y x y x y x y x



  

    



 






  
   

   

    
     

        
 

                        
3 4 4 3

1 1

2 2 2 3 3
: 3 6 4y y

x y x y x y x

       
   

        

                 

 
3 3 4 4 4

3 1 1

2 2 3 2 2 2 2

3 3 4 4
1 1

2 2 3 2 2

: 3 3 4 3 3

: 3 3 4 6

y y y
x y x y x y x y x y

y y
x y x y x y x y

    

   

 

 

    
     

         

   
   

       

 

                      
3 3 4 4

4 1 1

3 2 4 3
: 3 4y y y

y x y y x y

       
    

     
 

      
3 4

5 1

3 4
:y y

y y

   
 

 
 

From which we obtain the following determining equations 

2

2
10 0

y


 


                                                             (2.5) 

2 2

2
3 12 0

y x y

  
 

  
                                    (2.6) 
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2 2
1

2
4 6 0y

x x y y

     
   

   
             (2.7) 

2 2 3 3
1 1

2 2 2
3 3 12 18 0y y

x y y x y x y

       
    

      
         (2.8) 

From (2.5) we have 

1 2y                              (2.9) 

Where 1  and 2 are functions of x . 

From (2.6) we have        

2

1 3 42 y y                                              (2.10) 

From equation (2.7) we get 

1

1 3 2 48 3 6 0y y          
                                                                               (2.11)

 

 

We equate the coefficients of powers of y of (2.11) to zero  

1

4: 0y                (2.12) 

0

3 2: 3 6 0y                 (2.13) 

1

1:8 0y                (2.14) 

 

 

 

Solving the differential equations (2.12), (2.13) and (2.14) we get 

1 1 2R x R                 (2.15)     

4 3R                     (2.16) 

From equation (2.8) we have 

2 2 3 3
1 1

2 2 2
3 3 12 18 0y y

x y y x y x y

       
    

      
 

2 2 2
1 1

2 2
3 3 12 18 0y y

x y y x y x x y

                 
          

              
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2 2
1 1

2 2
3 3 12 18 0y y

x y y x y x x y

    
              

           
               

 

       1 1

1 3 1 13 4 3 0 12 4 18 0y y y
x x x x

               
    

 

     1

1 3 1 13 4 12 4 18 0y y
x x

            
 

 

   1

1 3 1 13 4 48 18 0y y             

 
1

1 3 1 112 3 48 18 0y            

   1

1 318 3 0y    
                              (2.17)

 

Equating the coefficients of powers of y of (2.17) to zero we obtain 

1

3: 0y                                 (2.18) 

0

1: 0y                                  (2.19) 

Solving (2.18) we obtain 

3 4R                                       (2.20) 

 

From (2.13) we have 

2 32                    (2.21) 

Substituting (2.20) into (2.21) we get 

2 0    

2 5R    

2 5 6R x R                 (2.22) 

Substituting values of  1 2 3, ,    and 4  into (2.9) and (2.10) we get 

1 2y     

 1 2 5 6R x R y R x R                 (2.23) 

We also have 

2

1 3 42 y y       
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  2

1 2 4 32 R x R y R y R        

2

1 3 42R y R R y                          (2.24) 

The generator T  of infinitesimal transformation is given by 

T
x y

 
 

 
 

                                                                           (2.25) 

 

Values of and  are defined in equations (2.23) and (2.24). Equation (2.25) becomes 

    2

1 2 5 6 1 3 42T R x R y R x R R y R R y
x y

 
      

 
 

2

1 2 5 6 1 3 42T R xy R y R x R R y R R y
x x x x y y y

      
      

      
 

2

1 2T R xy y
x y

  
  

  
2R y

x

 
  

 
3R

y

 
  

 
4R y

y

 
  

 
5R x

x

 
  

 
 

6R
x

 
  

 
          (2.26)       

Where  1 2 3 4 5, , , ,R R R R R  and 6R  are arbitrary constants of integration.                                                                      

Equation (2.26) which is a six parameter symmetry is the required Generator T  for our nonlinear 

harmonic fourth order differential equation. 

 

Conclusion 

In this paper we used infinitesimal transformations to obtain the Generator T  to a fourth order 

nonlinear differential equation which is harmonic in nature. The Generator forms an n - 

parameter symmetry which may be split into n  one-parameter symmetries [6].  
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