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INTRODUCTION

The concept of fuzzy set was initially introduced by Zadeh [28]. Kramosil and Michalek [15]
introduced fuzzy metric space, many authors extend their views, Grorge and Veermani [6]
modified the notion of fuzzy metric spaces with the help of continuous t-norms Grabiec[9],
Subramanyam[30],Vasuki[28], Pant and Jha,[22] obtained some analogous results proved by
Balasubramaniam et al. Subsequently, it was developed extensively by many authors and used in
various fields, Jungck [12] introduced the notion of compatible maps for a pair of self maps.
Several papers have come up involving compatible mapping proving the existence of common
fixed points both in the classical and fuzzy metric spaces.

The theory of fixed point equations is one of the basic tools to handle various physical
formulations. Fixed point theorems in fuzzy mathematics has got a direction of vigorous hope
and vital trust with the study of Kramosil and Michalek [16], who introduced the concept of
fuzzy metric space. Later on this concept of fuzzy metric space was modified by George and
Veermani [8] Sessa [29] initiated the tradition of improving commutative condition in fixed
point theorems by introducing the notion of weak commuting property. Further Juncgk [12] gave
a more generalized condition defined as compatibility in metric spaces.

Jungck and Rhoades [13] introduced the concept of weakly compatible maps which were found
to be more generalized than compatible maps.

Grabiec [9] obtained fuzzy version of Banach contraction principle. Singh and M.S. Chauhan
[30] brought forward the concept of compatibility in fuzzy metric space. Pant [20, 21, 22]
introduced the new concept reciprocally continuous mappings and established some common
fixed point theorems. Balasubramaniam et al. [6], have shown that Rhoades [24] open problem
on the existence of contractive definition which generates a fixed point but does not force the
mappings to be continuous at the fixed point, posses an affirmative answer. Recent literature in
fixed point in fuzzy metric space can be viewed in [3, 4, 11, 18, 26,32].

This paper proves the fixed point theorems on fuzzy metric spaces which generalize extend and
fuzzify several known fixed point theorems for occasionally compatible maps on metric space by

making use of integral type inequality.

2 Preliminary Notes

Definition 2.1 [28] A fuzzy set A in X is a function with domain X and values in [0,1].
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Definition 2.2 [25] A binary operation* : /0, 1] x [0, 1] — [0, 1] is a continuous t-nOrms
if it satisfies the following conditions:
(i) *is associative and commutative
(i) *is continuous;
(ii)a*l =aforall a € [0,1];
(iv)a*b <c*d whenever a <c and b <d, and a, b, ¢, d € [0,1].
Definition 2.3 [8] A 3-tuples (X,M, *) is said to be a fuzzy metric space (shortly FM
Space) if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set on
X x [0, x) satisfying the following conditions, for all x, y, z € Xand s, t>0;
(FM1): M(xyt)>0
(FM 2): M(x,y,t)=1forallt>0ifand only ifx =y
(FM 3): M(x, y, t) = M(y, x, t)
(FM 4): M(x,y, t) * M(y,z,5) < M(x, z, t +5)
(FM 5): M(x, Y, .) : [0,00) — (0,1] is left continuous.
(X, M,*) denotes a fuzzy metric space, (x,y,t) can be thought of as
degree of nearness between x and y with respect to t. We identify x =y with M(x, y,t) = 1
for all t > 0. In the following example every metric induces a fuzzy metric.
Example 2.4 Let X = [0,1], t-norm defined by a*b = min{a,b} where a,b € [0,1] and M is the

fuzzy set on X? x (0, ) defined by M(x,y,t) = [exp {@}]‘Wor all x,y € X, t > 0. Then

(X,M, *) is a fuzzy metric space.
Example 2.5 (Induced fuzzy metric [7]) Let (X, d) be a metric space, denote a * b = a.b
& for all ab € [0,1] and let My be fuzzy sets on X? x (0, o) defined as follows

t

My(xy.) = 77—

Then (X,M, *) is a fuzzy metric space. We call this fuzzy metric induced by a metric d
as the standard intuitionistic fuzzy metric.
Definition 2.6 [13] Two self mappings f and g of a fuzzy metric space (X,M,*) are called

compatible if limM (fg x,,0f x,,, t) = 1 wherever { x,,} is sequence in X such that

lim fx, =lim gx, = x for some x in X
n—ao0

n—ao0
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Definition 2.7 [7] Two self maps f and g of a fuzzy metric space (X, M,*) are called reciprocally

continuous on X if lim f x,, = fx and lim gf x,, = gx wherever { x,} is sequence in X such that

n—ao0

limfx, = lim g x,, = x for some x in X.
n—ao0

n—0o0

Definition 2.8 [8] : Let (X,M, ) be a fuzzy metric space. Then
(a) A sequence {x, }in X is said to converges to x in X if for each € >0 and each t > 0,
there exist n, € N such that M (X, x,t) >1—¢ forall n>n,,
(b) A sequence {x,} in X is said to be Cauchy if for each £ > 0 and each t > 0, there exist n,
€ Nsuch that M ( X, Xm,t) >1—¢ foralln, m >ny,
(c) A fuzzy metric space in which every Cauchy sequence is convergent is said to be

complete.

Definition 2.9 Two self maps f and g of a set X are occasionally weakly compatible

(owc) iff there is a point x in X which is a coincidence point of f and g at which f and g
commute.

A. Al-Thagafi and Naseer Shahzad [5] shown that occasionally weakly is weakly

compatible but converse is not true.

Definition 2.10 Let (X,d) be a compatible metric space, a € [0,1], f:X = X a mapping such that

for each x,y € X

fd(fx,fJI)

i p(t)dt <a fod(x’y) @(t)dt where @ : R* — R is lebesgue integral mapping which is

summable,
£>0, [Fo(t)dt>0
nonnegative and such that, for each. Then f has a unique common fixed z € X such that for each

XeEX limf"x=z

n—ao0

Rhodes[30], extended this resul by replacing the above condition by the following

A(fx.f d(x,y),d(x,fx),dW,fy)51dx fy)+d(x,fx)
fo(x y)(p(t)dtfafomax{ X Y),dCe,f),d(, ) 1dcfy)+d(x x}<p(t)dt

Ojha et al.(2010). Let (X,d) be a metric space and let f: X — X, F: X — CB(X) be single and a
multi valued map respectively, suppose that f and Fare occasionally weakly commutative (owc)

and satisfy the inequality
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max {ad(fx,fy)dP~1(fx,Fx),ad(fx,fy)dP~1(fy,Fy),

D p-1 p-1
fod(Fx,Fy) (p(t) dt < fo ad(fx,Fx)dP~1(fy,Fy),cd (fx,Fy)d(fy,Fx)}(p(t)dt

For all X,y in X, where p > 2 is an integer a >0 and 0 < ¢ < 1then f and F have unique

common fixed point in X.

Example 2.11 [5] Let R be the usual metric space. Define S, T: R — R by Sx = 2x and
Tx = x*for all x € R. Then Sx = Tx for x =0, 2 but STO = TS0, and ST2 # TS2. Hence S
and T are occasionally weakly compatible self maps but not weakly compatible
Lemma 2.12 [14] Let X be a set, f, g owc self maps of X. If f and g have a unique point
of coincidence, w = fx = gx, then w is the unique common fixed point of f and g.
Lemma 2.13 Let (X,M, %) be a fuzzy metric space. If there exist g € (0, 1) such that
M, vy, qt) >M (x,y, t) forallx,yE X &t>0thenx =y
3 Main Results
Theorem 3.1 Let (X,M, %) be a complete fuzzy metric space and let P, Q, S and T are self-
mapping of X. Let the pairs {P,S} and {Q ,T} be owc . If there exists g € ( 0,1) such that

M(Px,Qy,qt) min{M (5% Ty, +M(Px Ty.t)+M(Qy.5x ‘t),M(Sx, Px,t), M(Qy, Ty, t)}
Jo QLGENR 3 e(®d(®) (1)

For all x, y € X and for all t > 0, then there exists a unique point w € X

such that Pw = Sw = w and a unique point z € X such that Qz = Tz = z Moreover , z =w , SO
that there is a unique common fixed point of P,Q,S and T.

Proof: Let the pairs { P,S} and { Q ,T} be owc so there are points x,y € X such that Px = Sx and
Qy = Ty. We claim that Px = Qy. If not by inequality (1)

. M(Sx,Ty,t)+M(Px,Ty,t)+M
min{ (Sx, Ty, t)+M(Px,Ty,t)+M(Qy,Sx ,t)

fOM(PX’Qy’ a0 0 (Dd(0) > fo : ,M(Sx,Px,),M(Qy,Ty,t)} e(®Od(b)

_ rnin{M(P)(,Qy,t)+M(Px,Qy,t)+M(Qy,Sx 't),M(PX,PX,t),M(Qy,Qy,t)}

B min{M(Px,Qy,t)+M(Px,Qy,t)+M(Qy,Sx ,t)llll}

=Jy 3 @(td(t)

M( Px, f
= [0 ) d )

Therefore Px = Qy , i.e. Px = Sx = Qy =Ty. Suppose that z such that Pz = Sz then by (1) we have

Pz =Sz =Qy =Ty so Px =Pz and w = Px = Sx is the unique point of coincidence of P and S.
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Similarly there is a unique point z € X such that z = Qz = Tz.

Assume that w # z .\We have

M (Pw,Qz,qt)

L1090 o 0de = |, o (t)d(t)

in{M (Sx,Tz,t)+M(Pw,Tz,t)+M(Qz,Sw ,t)

fOM(Px,Qy,qt) (p(t)d(t) > fom 3 ,M(Sw,Pz,t),M(Qz,Tzt)} (p(t)d(t)

M(w,z,t)+M(w,z,t)+M(w,z ,t) M(W 7 t) M(Z 7 t)}

=y ; o(t) d(t)

= [0 o) d(e)

Therefore we have z = w by Lemma 2.14 and z is a common fixed point of P, Q, S and T. The

uniqueness of fixed point holds from (1)
Theorem3.2 Let (X,M, ) be complete fuzzy metric space and let P,Q,S and T be self mappings
of X .let the pairs {P,S} and{Q, T} be owc . If there exists g € (0,1) such that

@ M(P ,Q : t) @ 4 M(Sx,Ty,t)+M(Px,Ty,t)+M(Qy,Sx,t),M(S Pxit ,M(Q Tyt
[omEeRARL (1) () > O ; *PXOMQTYON o 131y (2)

0
forall x ,y € Xand @:[0,1] —» [0,1] such that @(t) >t for all 0 <t < 1 ,then there exist a
unique common fixed point of P, Q,Sand T

Proof: From equation (2)

B[M(Px,Qy,qt)] Omin{MEETYO+MEXTY.O+MQYSKO 11 sy by 1) M(Qy Ty}
> foﬂ[M(ererf)] o (©)d() from theorem 3.1

Now proof fallows by (3.1)
Theorem 3.3 Let (X,M, =) be a complete fuzzy metric space and let P,Q,S and T are self
mappings of X.
Let the pairs {P,S}and {Q,T} be owc . If there exists q € ( 0,1) such that

M(Sx,Ty,t)+M(Px, Ty, t)+M(Qy,Sx ,t) M(Sx,Px,t),M(Qy,Tyt)

foﬂ[M(Px,Qy,qt)] 0 (Dd(t) > foﬂ[mi"{ 3 ) p(®)d(t) ()

for all x, y € X and @: [0,1]*—[0,1] such that @ (t,1,t,t) > t for all ,0 <t < 1 then there exists

a unique common fixed point of P,Q,Sand T.
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Proof: Let the pairs {P,S}and {Q, T} are owc ,there are points X, y € X such that Px = Sx and Qy

=Tyare
Claim that Px = Qy. By inequality (3) we have
. (M(Sx,Ty,t)+M(Px,Ty,t)+M(Qy,Sx ,t)
foﬁ[M(Px,Qy,qt)] 0 (t)d(t) > foﬂ[mm{ 3 ,M(Sx,Px,t),M(Qy,Ty,t)}] (p(t)d(t)

M(Px,Qy,t)+M(Px,Qy,t)+M(Qy,Px t) M(Px,Px,t),M(Qy,Qy,t)

= o 3 Mowaw

ﬂ{M(P f ,t),1,1}
=[P HEReDIY o) d(e)

[ :-M(Px,Px,t)=1,M(Qy,Qy,t) =1]
> [, O pa(e
a contradiction , therefore Px = Qy i.e. Px =Sx = Qy =Ty
suppose that there is another point z such that Pz = Sz then by (3) we have
Pz =Sz =Qy =Ty so Px = Pz and w = Px = Tx is unigue point of coincidence of P and T.
By Lemma 2.14 w is a unique common fixed point of P and S, similarly there is a unique
point z € X such that z = Qz = Tz..Thus z is common fixed point of P,Q,S and T. The uniqueness
of fixed point holds from (3)
Corollary 3.4 Let (X,M,*) be a complete fuzzy metric space and let P,Q,S and T be self mapping
of X
Let the pairs {P,S} and {Q,T} are owc.
If there exists a point q € (0,1) for all X,y € Xandt >0

. M(Sx, Ty, t)+M(Qy,Sx,2t)+M(Px, Ty ,t) k. .
fOQ[M(Px,Qy,qt)] 0 (Dd(t) 2foﬂ[mm{{ 3 }+M(Px,Sx,t) M(Qy.Ty.t)}] p(0)d(t) (5)

then there exists a unique common fixed point of P,Q,Sand T.

Proof: We have

foﬁ[M(Px,Qy,qt)] 0 (Od(6) > foﬂ[min{{M(sX,Ty,t)+M(Qy,3sX,zt)+wa,Ty rt)}*M(pX'SX,t)*M(QY-Ty,t)}] P (O)d(D)
zfoﬂ[mm{{M(S"'Ty‘t)+M(S"'Ty't)*SM(TY'QY'“M(P"'TY D} M(Px,SX,0+M(Qy, Ty ) ] p(t)d(t)
zfoﬂ[mzn{{“(SX’TY'“M(SX’TY”;M(QY’QY'”*M“”"TY D3 M(Px,Px,0)*M(Qy,Ty.0) )] (t)d(t)
 [Olmin(HEAMEROEMED Ly 1)) g

M(Sx, Ty, t)+M(Sx, Ty, t) +M(Px,Ty ,t)

> oot : 1 o0

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsIIBEEEL]E as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Management, IT and Engineering
http://www.ijmra.us



December VHE| Volume 2, Issue 12 ISSN: 2249-0558

2012

> forzi[M(Px,Px,t)] 0 (t) d (t)
[ ~Px=Sxand Qy=Ty]
and therefore from Theorem 3.4, P, Q, S and T have common fixed point.
Corollary 3.6 Let (X,M,*) be complete fuzzy metric space and let P,Q,S and T be self-mapping
of X. Let the pairs {P,S} and {Q,T} are owc. If there exist point g € (0,1) for all x,y € Xand t >
0

foM(Px,Qy,qt) o (t)d(t) > fOM(Sx,Ty.t) ® (t)d(t) (6)

then there exists a unique common fixed point of P,Q,Sand T.
Proof: The proof follows from Corollary 3.5
Theorem 3.7 Let (X,M,*) be complete fuzzy metric space . Then continues self mappings Sand T
of X have a common fixed point in X if and only if there exists a self mapping P of X such that
the following conditions are satisfied

(i) PXcIXNSX

(if) pairs {P,S} and {P,T} are weakly compatible,

(ii1) there exists a point g € (0,1) such that for every x,y € Xand t > 0

M(Sx, Ty, t)+M(Px,Sx,t)+M(Px,Ty ,t)

fOM(Px,Qy,qt) 0 (Dd(D) = fo{ 3 My Ty,0) p®)d) (7)

Then P, S and T have a unique common fixed point.
Proof: Since compatible implies owc, the result follows from 3.4
Theorem 3.8 Let (X,M,*) be a complete fuzzy metric space and let P and Q be self mapping of X
.Let P and Q are owc. If there exists a point q € (0,1) for all x,y € Xand t > 0

M(Px,Py,t)+M(Sy,Px,t)+M(Sx,Py ,t)

RSP0 (1) (g) 2 [MEHPrOHBmin| ; Yo 0o 8)

for all X,y € X, where a, p > 0, a+p >1. Then P and S have a unique common fixed point.

Proof: Let the pairs {P,S}be owc, so there is a point x €X such that Px = Sx. Suppose that there

exist
another point y € X for which Py = Sy We claim that Sx = Sy by equation (8) we have
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M(Px,Py,t)+M(Sy,Px,t)+M(Sx,Py ,t)

fOM(Sx,Sy,qt) 0 (d ) = anM(Px,Py,t)+3min{ 3 }<p (Hd(t)

_ aM(Px,Py,t)+Bmin M(Sx,Sy,t)+M(Sy,Sx,t)+M(Sx,Sy ,t)
= ! { : Yo mae

_ ((@tBM(SxSyt)
=J, 7 a0
A contradiction, since (a+p) > Itherefore Sx = Sy. Therefore Px = Py and Px is unique.

From lemma 2.14, P and S have a unique fixed point.
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