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Abstract
For topological spaces Y and Z, C(Y, Z) represent the set of continuous functions from space Y

to space Z. Let A be an arbitrary intersection of non-empty open subsets of Y. In this paper, we

develop the set C(A, Z) of continuous functions from space A to space Z and construct
topologies on this set to form the underlying function space C, (A,Z) of the function space
C. (Y, Z). We define continuous maps between the spaces X, A and C, (A,Z) , and show that

topologies defined on the set C(A,Z) are either R,_, -splitting or R ,_, -admissible.
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1.0 Introduction

Let Y and Z be topological spaces, the set C(Y,Z) endowed with topology t will be written as
C.(Y.,Z). Let X be another topological space. A topology tdefined on C(Y,Z) is called
splitting topology, if the continuity of the map h: XxY —>Z at yeY for each fixed x e X,
implies the continuity of the map h*: X — C_(Y,Z) defined by h*(x)(y) =h(x,y) =f,(y) where
f.:Y —>ZVvxeX is a continuous map. A topology t on C(Y,Z) is called an admissible
topology if the continuity of the map h*:X —C_(Y,Z) implies that of the associated map

h:XxY —>Z defined by h(x,y)=h"(x)(y)=f,(y)(Arens and Dugundji, 1951, Georgiou,
2009). Initially Arens (1946) had defined an admissible topology via continuity of an evaluation
mapping e: C_(Y,Z)x Y — Z defined by e(f, y) = f(y).

The most widely used topology on function spaces is the set open topology. It comprises of

compact open topology which is due to Fox (1945) and point open topology, which stems from

the notion of convergence sequence of functions (Seymour, 1965).

Let {U, :iel} be an arbitrary family of non-empty open subsets of Y. Define A:ﬂUi , then

C(A,Z) is a set of continuous functions of the form f oi=f |, where i:A—Y is an inclusion
mapping. We construct topologies on the set C(A, Z) from set open topology defined on the set
C(Y, Z). For any topological space X, we show that the mappings h |, ,: XxA — Z defined by
len (V) =T o (¥) and R’ o X —>C,(AZ) defined by h'c (X)) =F, |, (y) are

continuous. The continuity of these mappings depend on the continuity of the mappings

h:XxY —Z defined by h(x,y)=f(y) and h":X— C_(Y,Z) defined by h*(x)(y) =f,(y)
respectively. The topologies R,_,-splitting and R,_,-admissible on the setC(A,Z) are
defined.

2.0 Topologies on the Set C(A,Z)

The set C(A, Z) inherit the topology of pointwise convergence and compact open topology from

the space C.(Y,Z).
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2.1 Topology of Pointwise Convergence or the Point-Open Topology (r,)
Given a point yeYand an open set V subset of the space Z, the sets of the form

S(y,V)={f :f(y)eV} is the subbase for topology of pointwise convergence (Kelley, 1955).
For easier reference we will write S(y,V)={f e C(Y,Z):f(y)eV}. The sets S(y,V) represent

the subbases for topology of pointwise convergence defined on the set C(Y, Z).

Let Q, be the class of open subsets of Z. The bases consist of sets of the form ﬂS(yi,Vi) =

i=1
{f eC(Y,Z):f(y,)eV} where y,eY,and V, €Q, fori=1 2 ...n.
For AcCY, the sets of the form
C(A,Z)mS(y,V):{f eC(Y,Z):f({y}mA)ev}z{f eC(Y,Z):f |, (Y) eV} =S(y,V) form

the subbases for point open topology on C(A, Z).

The bases consist of sets of the form (S(y;,V,)={f eC(Y,Z):f |, (y;)eV}, where

i=1

y,eAand V,eQ, for i=1 2 ...n.

2.2 Compact Open Topology (t.,)

Let Y and Z be topological spaces and let C be the class of compact subsets of Y and Q. be the
class of open subsets of Z. The topology t defined on C(Y,Z) generated by
F(U,V)={f eC(Y,2):f(U)cV} where UeCGand V eQ,, is called compact open topology
on C(Y,Z). The set F(U,V) is a defining subbase for topology t (Fox, 1945, Kelley, 1955 and

Seymour, 1965).

The bases consists of sets of the form ﬂF(Ui,Vi) ={f eC(Y,2):f(U)cV}, where U, eC

i=1

and V, €Q, fori=12 ...n.
For the set C(AZ), the sets of the form

C(A,Z)NF(U,V)={f eC(Y,Z):f(AnU) c V}={f eC(Y,2):f |, (A) = V}= F(A,V)
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where UeC and V €Q,, defines the subbases for set open topology on the set C(A,Z). If

AeC, then F(A,V) defines the subbases for a compact open topology on the set C(A, Z).

The bases consists of sets of the form (\F(A,V,)={f eC(Y,Z),f |, (A) =V} where V, eQ,

i=1

fori=12 ...n.

The set C(A, Z) with induced topology ¢ will be written as C, (A, Z).

3.0 Continuity of Maps on the Underlying Function Space C, (A,Z)

We develop propositions which will be useful in proving R,_, -splitting and R,_, -admissible
properties of topologies defined on the set C(A,Z) as well as continuity of evaluation map
defined on the space C, (A,Z).

Topologies t and ¢ defined on C(Y,Z) and C(A,Z) respectively, are both set open.

3.1 Proposition

Let the map h:XxY — Z defined by h(x,y)=f (y) be continuous at yeY for each x e X,
where f :Y —>Z is a continuous map defined by f (y)=f(x,y) vxeX. The map
h |y, i XxA — Z defined by hl, . (X,¥) =f, |, (¥) is continuous at y e A foreach x e X.

Proof

Let V be the open neighborhood of z=f (y) in Z, then the set f (V) is openin Y. If A'is a
subspace of Y and i:A—Y is an inclusion map, then the composite mapf, oi: A — Z defined
by f,ci(y)=foi(x,y) VxeX is continuous and i*(f *(V))=Anf (V) is open in the
relative topology on A. Let f oi=f |,, then Anf *(V)=f, |," (V). Therefore the map
f s AZ defined by f [, (y)=F], (X,y) ¥xeX is  continuous.  Setting
hly.a (X,Y) =f, |5 (Y), we have that the map h|, ,: XxA — Z is continuous.

3.2 Proposition
The map ¢:C_(Y,Z) > C.(A,2) defined by ¢(f)=f |, is continuous.

Proof
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It suffices to show that the pre-image of any open set in the space C. (A, Z), is open in the space
C.(Y.2).

Let U and V be open subsets of the space Y and Z respectively. Let i: A—Y be the inclusion
mapping. Then i*(U) is open in A and (F(i"(U),V) is open in C,(AZ).
o7 (FA(U), V) ={(f eC(Y,2):f |, (i (V) cV)}={f €C(Y,2):T |, (AnU)c V}
={feC_(Y,2):f|, (A)cV}={f €C_(Y,2):f(A) cV}=F(A,V) is open in C_(Y,Z2).

3.3 Proposition

Let h": X —C_(Y,Z) defined by h*(x)(y)=f,(y) be a continuous map at yeY for each

xeX, where f :Y —Z is a continuous map defined by f,(y)=f(x,y) YxeX. The map
e .(az : X—>C, (A Z) defined by he a2 )(Y) =T, |4 (y) is continuous at yeA for each

XeX.
Proof

From proposition 3.1, the continuity of map f, 1Y — Z defined by f, (y)=f(X,y) Vxe X and
the inclusion map i: A—Y, implies that the map f, |,: A — Z defined by f, |, (Y) =T [, (X,Y)
Vx e X is continuous. Elements of C_(Y,Z) have been indexed by the set X. Therefore from
proposition 3.2, the map ¢: C_(Y,Z) - C.(A,Z) defined by ¢(f,) =f, |, Vx e X is continuous.
The compositt map ¢oh":X—>C,(A,Z) defined by ¢oh"(x)(y)=0o(h"(X)(y)) =
o (f (y)) =f, |, (y) is therefore continuous at y € A for each x € X. Setting h*CC(A,Z) =doh”, we

have that the map h"c 5 : X —C_ (A, Z) is continuous.

3.4 Proposition
Let 1:C.(Y,Z)—>C_(Y,Z) be a continuous identity map defined by i(f)=f. The map

iICL(A,Z):C(;(A’ Z) > C(Y,Z) defined by ilc (s, (fls) =T is continuous.
Proof

Let U be open in Y and V be open in Z, then F(U,V) is open in C.(Y,Z) and

i,z " (F(UV) ={f €C.(Y,2):f(U) c V}={f €C(Y,2):f(UnA) c V}=
{f €C.(Y,2):f |, (UNnA)c V}={f eC(Y,2):f |, (A) = V}=F(A,V) isopeninC (A 2).
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Observe that open subsets of C.(A2) are of the form
C(A, 2 nFU,V)=F(ANnU,Vn2Z)=F(A,V) for UopeninY and V openin Z.

3.5 Proposition

Let the map eC (Y,Z)—>C.(Y,Z) defined by e(f)=f be continuous. The map

e:C.(A,Z) > C, (A, Z) defined by &(f [,) =f |, is continuous.

Proof
From proposition 3.2, the map ¢:C (Y,Z) ->C.(A,2) defined by ¢(f)=f|, is continuous.

And from proposition 3.4, the map ich(sz): C.(A,Z) > C_(Y,2) defined by i|c€(AYZ) (Fly)=fis

also continuous. Therefore the composite map d)oilCC(A,Z):CQ(A’ Z) - C.(A,2) defined by

d)oilCC(A,Z) (f |A)=¢(i|CC(A‘Z) (f |A)):¢(f):f |, IS continuous. Setting ¢oi|Cg(sz):s, the map
€: Cg (A, Z2) > Cé (A, Z) is continuous.

3.6 Theorem
Let X, Y and Z be topological spaces. If
the continuity of the map h:XxY — Z at yeY for each x e X defined by h(x,y) =1 (y)

(where f,:Y — Z ¥x e X is continuous) implies the continuity of the map h": X — C, (Y,Z)
defined by h*(x)(y) =f,(y).

topology T on C(Y,Z)is compact open,

then the continuity of the map hl|, :XxA—>Z at yeA for each xeX defined by

hla 5,Y)=F |4 (y), implies that of the map h*CC(A'Z):X—> CC(A,Z) defined by

h*cC (A,2), (y) = fx |A (y) .

Proof
|yn: XxA —>Z he.(az : X— C.(AZ)
h: X xY— Z h*:X— C.(Y,2)
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Let x, € X, A be a compact subset of Y, V an open subset of Z and N, ,)(X,) € F(A V).
Then h*(x,) e F(A,V) and for the associated mapping h: X xY — Z which is continuous,
h({x,}xA) c V. From proposition 3.1, h({X,}xA) c V implies that h|, , {X,}xA)cV.

To show that continuity of h*CC(A‘Z) depends on the continuity of hl|, ., itsuffices to show that
there exist a neighborhood W, of x, e X such that h; , ,, (W, ) =F(A,V). Choose a finite
open cover W, xU, for {x,}xA such that hl, . (WxU,)cV, then h(WxU,)cV. We let

WO:OWiand Aszw thenh(W,xA)cV implying that h*(W,)cF(A,V). From

proposition 3.3, it follows that h'c .\, (W,)cF(AV). Hence the map
hc.(az : X = C.(A,Z) is continuous.

3.7 Theorem
Let X, Y and Z be topological spaces. If

the continuity of the map h":X— C.(Y,Z) at yeY for each xeXdefined by
h*(x)(y) =f (y) (where f,:Y —Z vxeX is continuous) implies the continuity of the map
h:XxY — Z defined h(x,y) =f,(y) for a locally Hausdorff space Y,

topology T on C(Y, Z) is compact open,

then the continuity of the map h"; ,,,:X—>C,(A,Z) at yeA for each x X defined by
h*CC(A,Z)(x)(y)=fX | (y), implies that of the map h|, XxA—>Z defined by

h |X><A (X, y) = fx |A (y) .

Proof

e (az : X— C.(AZ) —h%xXAZ

h":X— Cl(Y,Z) h: X xY—> Z

Let C,(A,Z) contain the image set h'(X), (X,,Y,)eXxA for AcY and V, be the

neighborhood of the point hy,, (X, Y,)€Z. Then h(X,,y,)eZ. Buth(x,,y,) =1, (y,), for
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the continuous map f, :Y —Z Vx, e X. Therefore y, has a neighborhood W in Y such that
f,, (WnA)cV, this implies that f,, (A) c V. The set A is locally compact since open subset
of a locally compact space is locally compact. Therefore y, has a neighborhood U with
compact closure such that UcA and consequently f, (U)cV, this implies that
h*(xo)eF(U,V). The map h" is continuous, therefore x, has a neighborhood G such that
h*(G) c F(U,V) and from proposition 3.3, h*CQ(A'Z) (G) = F(U,V).

If  (xy)eGxA, and h'g,,(G)cFU,V) then h(G)cFU,V). Now
h*(X)(y)=f.(y)=h(x,y)eV  implies that h(GxU)cV. From proposition 3.1

h |y (GxU) <V, therefore the function h |, ,: XxA — Z is continuous.

3.8 Definition
For the topological spaces X, Y and Z,
Let the continuity of the map h: XxY —Z at yeY for each x € X defined byh(x,y)=f,(y)

(where f, 1Y —Z ¥xe X is continuous) imply that of the map h*:X — C_(Y,Z) defined by
h*C)(y) =f.(¥)
Let the continuity of the map h|, ,:XxA—>Z at yeA for each xeX defined by

hlea X y)=F |5 (y), imply that of the maph*cc(A’Z):X—>C€(A,Z) defined by

h*CQ(A,Z) X)(y)=f, [, (y) for AcCY.
An induced topology ¢ on C(A,Z) is said to be splitting restricted to A=Y denoted by R,_, -

splitting, if (i) implies (ii) as shown in theorem 3.6.
For the topological spaces X, Y and Z,
Let the continuity of the map h":X—>C (Y,Z) at yeY for each xe Xdefined by

h*(x)(y) =f_(y) (where f, 1Y — Z ¥x e X is continuous) imply that of the map h: XxY —>Z
defined by h(x,y) =1, (y).
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Let the continuity of the map h'c ,,:X—>C,(AZ) at yeA for each x e Xdefined by
h*CC_(A’Z)(x)(y)zfX |, (y), imply that of the map hl, . XxA—>Z defined by
hlx.a (X,Y)=F,|s () for ACY.

An induced topology ¢ on C(A,Z) is said to be admissible restricted to A Y denoted by
R oy -admissible if (i) implies (ii) as shown in theorem 3.7.

4.0 Continuity of the Evaluation Function on the Underlying Function Space C, (A,Z)

By definition, a compact open topology t on C(Y,Z) is admissible, if the evaluation map
e:C.(Y,Z)xY —>Z defined by e(f,y)=f(y) is continuous. We restrict the domain of the

evaluation function e and show that the compact open topology £ defined on C(A,Z) IS Ry -

admissible.
4.1 Theorem

Let Y and Z be topological spaces. Compact open topology (¢ defined on C(A, Z) IS R,y -
admissible if and only if for the continuity of the evaluation map e: C_(Y,Z)x Y — Z defined

by e(f, y) = f(y). the mape|;  ,.a:C. (A Z)xA —Z defined by el (azpa (Fla:Y) =T[4 (¥)

is continuous.
Proof

Let ¢ be R,_,-admissible and let the map e":C_(Y,Z)—C_(Y,Z) be the associated mapping
to e:C_(Y,Z)xY — Z. Then the mapping e defined by e’ (f):f is continuous for compact
open topology t on C(Y,Z) since it is an identity map. From proposition 3.5, the mapping
£:C.(A,Z)—>C,(A,Z) defined by &(f |,) =f |, for an induced topology & on C(A,Z) is also
continuous. The topology( is R,_,-admissible, and therefore the continuity of the map
he(az :X—> C.(AZ) at ye A for each x e X implies that of the map hl,,:XxA —>Z, if
the continuity of the map h™: X — CT(Y,Z) at yeY for eachx e X implies that of map

h: XxY—>Z. We Set X=C/(AZ) for the mapsh’,,:X—> C(AZ) and
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hlxa:XxA—>Z, and X=C_(Y,Z) for the mapsh":X— C_(VY,Z) and h: X xY — Z.
Then the continuity of the maph’c (,, :C.(AZ)— C.(A,Z) implies that of the map
hlc,(azpa: Cc (A Z)x A — Z if the continuity of the map h™:C (Y,Z) - C.(Y.Z) implies that
of the maph:C_(Y,Z)xY — Z. Setting h |CC(A,Z)XA:e|C€(A,Z)xA and h=e, we have that the map
ele,azpa: C(AVZ) XA Z is continuous whenever e:C_(Y,Z)xY — Z is a continuous map.

Conversely assume that the map el ;.1 Cc (A,Z)xA —Z is continuous for an induced
topology ¢ on C(A,Z) whenever e:C_(Y,Z)xY — Z is a continuous map for the topology t
on C(Y,Z). We show that the continuity of the maph’c ,,,:X—>C_(A,Z) at yeA for each
x e X implies that of the map h|,,:XxA —Z, whenever the continuity of the map
h":X—>C_(Y,Z) at yeY for each xeX implies that of the map h:XxY —>Z. Let
h:XxY —Z be a map such that the map h|, ,: XxA — Z has an associated continuous map
h'.(az) i X—=>C, (A, Z) whenever h":X —C_(Y,Z) is the associated continuous map of h.
The composite map eo(h* xidY) :XxY — Z is continuous at ye Y for each x € X since it is a

composition of continuous maps e, h* and the identity map id, :Y > Y. If id],., A> A is

also an identity map, then from proposition 3.1, the composite map
elcg(A’Z)XA o(N"c (az) ¥id|acy) : Xx A —Z is also continuous at yeA for each x e X. Setting
N la=elo,(azpn (N a2 x1d]acy) and h=eo(h”xid, ) and applying theorem 3.7, we have
that the continuity h'c ,,:X—>C,(AZ) at yeA for each xeX implies that of
hlx.a: XxA—Z whenever the continuity of h":X—>C_(Y,Z) at yeY for each xeX
implies that of h:XxY — Z. Therefore topology { is R,_,-admissible and from theorem 3.7,
it is compact.

4.2 Comparison of Topologies on the set C(A, Z)

We compare topologies defined on the set C(A,Z) with respect to their sizes and properties of

R ooy -Splitting and R, _, -admissibility they satisfy.
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4.2.1 Theorem
Let ¢, be R,_,-splitting topology on the set C(A, Z). Any topology coarser than R,_, -

splitting topology is also R,_, -splitting.
Proof

Let £, be R,_, -splitting topology defined on the set C(A,Z) and ¢, be any topology defined
on the set C(A,Z) where {, c&,. Since topology &, is R,_,-splitting on C(A,Z), the
continuity of the map h|, ,:XxA—>Z at yeA for each xe X implies that of the map
h*%(AVZ) :X—C, (A,Z), whenever the continuity of the map h:XxY —Z at yeY for each
xeX implies that of h":X—>C,(Y,Z). For a topology t,c7, the map
p:C.(Y,Z)>C_(Y,Z) is continuous. From  proposition 3.5, the map
e:Cy (A,Z)—)CC2 (A,Z) for ,c, is also continuous. Therefore the maps
peh™:X—>C_(Y,Z) and eoh’c ., :X—>C_(AZ) are continuous, since they are
composition of continuous maps. Hence the continuity of h|, ,:XxA —>Z at ye A for each
x e X implies continuity of goh*%(Ayz) X—>C, (A,Z), whenever continuity of map
h:XxY—>Z at yeY for each xeX, implies that of the map poh":X—>C_(Y,Z).

Therefore ¢, isalso R, -splitting topology.
4.2.2 Theorem
Let ¢, be R,_,-admissible topology on the set C(A,Z). Any topology finer than R, . -

admissible topology is also R ,_, -admissible.
Proof

Let £, be R,_,-admissible topology defined on the set C(A,Z) and ¢, be any topology
defined on the set C(A,Z) where {, c&,. Since ¢, is R,_,-admissible topology, the
continuity of the map h*Cgl(A,Z) X—> C, (A, Z) at y e A for eachx € X implies that of the map
hlxa: XxA — Z, if the continuity of the maph™:X —>C_(Y,Z) at yeY for each xeX

implies that of h: XxY —Z. Lett, c1,, thenthe map e:C_(Y,Z)—C_(Y,Z) obtained by

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Management, IT and Engineering
http://www.ijmra.us



July
2013

JIVIC| Volume 3, Issue 7 ISSN: 2249-0558

restricting the domain of the identity map i:C_(Y,Z2)—>C_(Y,Z) is continuous. From
proposition 3.5, the map &:C_ (A,Z)—>C_ (A, Z) for ¢, <, is also continuous. The maps
eoch:X—C_(Y,Z) and goh’c_(az X —> C_ (A,Z) are therefore continuous, since they are
composition of continuous maps. We therefore have that the continuity of the map
soh*%(A,Z) X—> C, (A,Z) at yeA foreach x e X implies that of the map h|,, ,: XxA > Z
, if the continuity of the map ech :X —C_(Y,Z) implies that of the map h:XxY —Z.

Hence ¢, isalso R,_, -admissible topology.
4.2.3 Corollary
There exist the coarsest R ,_, -splitting topology on the set C(A,Z).

Proof

Let &, for i=123..... n be a family of R,_, -splitting topology on the setC(A, Z). Let

(;:ﬂ(;i for i=123........ n, then g, for i=123..... n. Since finite intersection of

topologies is a topology, the topology ( is therefore the coarsest R ,_, -splitting topology on the
set C(A,Z).

4.2.4 Corollary
There exist the finest R ,_, -admissible topology on the set C(A, Z).

Proof

Let {¢,:iel} be a family of R,_,-admissible topology on the set C(A,Z). Let

¢=J¢ . then ¢ is R,_,-admissible topology on the set C(A,Z) since arbitrary

union of topologies is a topology. &, = Viel, therefore ( is the finest R, . -

admissible topology on the set C(A, Z).
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