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OBSERVATIONS ON PELL NUMBER AND PELL LUCAS
NUMBER

M.A.GOPALAN"
V.GEETHA"™

ABSTRACT :

Pell number together with Pell Lucas number have been analysed. Some identities among
these numbers are presented.

KEYWORDS: Pell number, Pell Lucas number.
INTRODUCTION:

Number is the essence of Mathematical calculation. Varieties of numbers have variety of
range and richness. Many integers exhibit fascinating properties, they form sequences, they form
patterns and so on [1-23]. In this communication we consider twin sequences Pell numbers and
Pell Lucas numbers and some identities relating themselves.

Properties:

1.PL2 =PL,, +2(-)"
Proof:
PLZ =[(1++2)" + (1-v2)"
= (1+2)" + 1-+2)* +2(-1)"
= PL,, +2(-1)"
PL2 = PL,, +2(-1)"

2.PL,, =8P2+2(-1)"
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Proof:
PL,, = (1++/2)% + 1-+2)*
~la+v2) - a-v2) [ +2(-0)"
=8P/ +2(-1)"
PL,, =8P7 +2(-1)"
3.PL,, =PL’ -3PL,(-)"
Proof:
PL,, = (1++/2)* + (1-~/2)™
= [a+v2) +@-v2) [ +3-1 [0+ v2)" +a-2)"]
= PL® —3(-1)"PL,
PL,, = PL® —3PL, (-1)"
4. PL, =PL! —4PL2(-1])" +2
Proof:
PL,, =(@++/2)"" + 1-+2)*
= PL! —4(-1)"PL,, —6(-1)"
= PL! —4(-1)"PL2 +2 (Using Property 2)
PL,, = PL! —4PL2(-1)" +2
5.PL,,,—3PL, =8P,
Proof:
PL,,, —3PL, = 0++2)™ + 1-+/2)"2 3|0+ 2)" + 1—2)"]
- 22|a++2)" - @-+2)"]
=8P,
PL,.,-3PL, =8P,
6. PL,,—2PL , —PL =0

Proof:
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PL,,—2PL,, —PL, = (L+~/2)" + 1—=~2)" = 2|0+ +2)" + 1= 2)"* |- [+ v2)" + 1 - 2)"]

=(1++/2)"(0)+ 1-+2)"(0)
=0
PL,.,—2PL,, —PL, =0
7. 2(3P,, —P,.,) = PL,

Proof:

_ i n+l = n+l _i n+2 _ n+2
2@mﬁa@—%&5h%ﬁ) -2y ]- o 2) a«ﬁ)ﬂ

:%Zﬁ[(lw/i)” +(1—x/§)"]
=PL,
23P,, —P..,)=PL,
8. PL.PL,, 8PP, =4(-1)"
Proof:
PL,PL,., = |[@+~2)" + @=v2)"| |a+v2)™ + a-2)"|
= f(f ++/20)

8PP, = 8{% la+v2) - (1—&)"]% e v2)m - (1_J§)“+1]}

=g(g+v2f)
I:>LnF)Ln+1_8F)n|:)n+l = f(f +\/§g)_g(g +\/§f)
— f2 _gZ
_4(-1y

where f =|(1++/2)" +A—v2)"Jand g =|a++2)" —1-+2)"]
Hence PL.PL.,—-8PP

n+1

=41y
9. PL,PL,,, +8P,P,,, iswritten as a difference of two squares.

Proof:
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PLPL,, +8PP  =f2+2fg+g2++2fg

i TOF Py
= (f ++2g)° - ¢°

where f =|(1++/2)" +A—v2)"Jand g =|a++2)" —1-+2)"]

Hence PL PL,,, +8P P, iswritten as a difference of two squares.

10. 6(PL,PL,,, +8P.P

n+l

+8P?)is a nasty number.

Proof:
PL,PL,, =|a++v2)" +@-2)" | [a+v2)"* + a-v2)"*]
= f(f +/29)
8PP, { L2y - -2y ]i[(uf 2)" - (12 )”“]}
=g(g ++/2f)
8P? =8E[(l+ V2)' —(1—\/5)”]2}
=f
6(PL,PL,,, +8P,P,, +8P2) =6|(f ++/20)’ —g° + ¢

where f =|(L++2)" +@—+2)"Jand g =|a++2)" —-a-+2)"]
6(PL,PL. ., +8P P . +8P’ is a nasty number.

n' n+l
PL ,—PL)?|.
( N+l > n) } is a nasty number.

11. G{PL PL..,+8PP

n+1 n n+l

Proof:

PL,PL,.; = |@++v2)" + @-2)"||@+~2)" + a—v2)"]
= f(f +/20)

8PP, = { 1 [(1+f) —(1-+2)" ]L[(lﬂ/—)m (- \/—)m]}

=g(g ++2f)
PL,., —PL, =|@0+42)™ + @-v2)"* |- [0+ v2)" + 12"
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—J2g

(PLn+1 B PLn)2 2
2 -9

_ 2
6{PLn PL,,+8PP. . + (Pl 5 PL,) }: 6[(f +\/§g)2 -g°+ gz]

_ 2
6{PLn PL,.,+8PP , + G 5 PL,) }: 6[(f +\/§g)2 —9°+ gz]

= 6|(f ++/29)?]
where f = [(1+ J2) +(1—\/§)"Jand g= [(1+ﬁ)" _(1_ﬁ)"J

- 2
(PLo., - PL,) } is a nasty number.

n+1

({Fﬂ_n PL,,+8P,P,, +

PL,., + PL,,

12.PL, PL . =
PL, —PL,,

According as m—n s even or m—nis odd.

Proof:

PLyyoPLy = [0432)™" + = v2)™ |0+ V2™ + @ -v2)"
=(L+V2)" + (L-2)"" + (1 +42)" 1+ 42)" U= V2)" (1-V2) " + (1 +42)" L+ 2) "L -V2)" L -2)"
= PLZm + (_1)m—n PLZn

PL,, +PL
2m " According as m —nis even or m—n s odd.

Hence PL_, PL ., =
PL,, —PL,,

2 _qp?2 2 2
13. (w ,2\/§Pn PL,, W) forms a Pythagorean triplet.

Proof:
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@ﬂaﬂ/ﬁ)“a—ﬁ)“
2V2P,PL, =((1+~/2)")? = (1-+2)")?

wz((u\/i)“)2 +(L-~2)")?

2 _gp? 2
Hence .(m,zﬁﬂ PL, ,@) forms a Pythagorean triplet.

14.PL, ., +PL, =4P

Proof:

PL,., +PL, =|a++2)" + 1=+2)" |+ [a+2)" + @-+2)"]
=2[(1+\/§)” +(1—x/§)"J+\/§[(1+\/§)” —(1—\/5)“J
=\/§[(1+x/§)”+1+(1—\/§)"+1j

=4|::’n+1

I:)LnJrl + I:)Ln = 4Pn+1

15. I:)I-n+1 - I:)I-n = 4(Pn+2 i 2Pn+1)

Proof:

PL,., - PL, =|@+v2)™ + A—v2)" |- |@ +v2)" + a—2)"]|

=+2g (1)
L {a+ V2™ ~@-v2)?|- Ja+ v2)t — @ - v2) |

4(Pn+2 - 2Pn+1) = 4m
=29 )
g=la+v2r -a-v2y|

From (1) and (2)
I:)I—n+1 - PLn = 4(Pn+2 - 2|:)n+1)

16.PL* —64P* =64(-1)"P? +16

Proof:
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PL - 64P% = [+ v2)" + (1-2)" | —64{%((1+ J2)" —(1—\/5)")}4

=8(-1)"PL,,
=8(-1)"[8P2 + 2(-1)"| (By Property (2))
=64(-1)"P? +16
PL! —64P' =64(-1)"P’ +16
Also PL! —64P' =8(-1)"PL? —16
PL! —64P =8(-1)"PL,,
=8(-1)"[PL2 - 2(-1)"] (By Property (1))
=8(-1)"PL? -16

Hence PL! —64P'=8(-1)"PL? -16

CONCLUSION:
To conclude one may search for other patterns and their properties.
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