
             IJMIE           Volume 3, Issue 5             ISSN: 2249-0558 
__________________________________________________________       

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
408 

May 
2013 

                       

Integral solutions of  
4222 )7(3)(2 ZXYYX n
 

 

M.A.Gopalan
*
 

S.Vidhyalakshmi* 

S.Mallika* 

__________________________________________________________ 

Abstract 

                 The non-homogeneous quartic equation with three unknowns represented 

by 4222 )7(3)(2 zxyyx n
  is analyzed  for finding its non-zero distinct integral 

solutions. Two different methods have been presented for determining the integral solutions of the 

ternary non-homogeneous biquadratic equation under consideration.The recurrence relations 

satisfied by the values of x and y are of degree four with three unknowns are exhibited. Knowing 

an integer solution of the given equation, triples of non-zero distinct integers generating an 

presented. A few interesting relations among the solutions of the considered non-homogeneous 

diophantine equation infinite number of integer solutions for odd ordered and even ordered 

solutions  satisfying the given equation are presented respectively.    
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1. Introduction 

                In [1-3] various attempts have been made to arrive at the general solution of some 

typical quartic equations with two or more unknowns .In particular, one may   refer [4-15] for 

special quartic equations with three unknowns analyzed for their integral solutions in general 

forms.  This communication concerns with yet another ternary quartic equation 

4222 )7(3)(2 zxyyx n  for determining non-zero integral solutions. Two different 

methods of solutions are presented. The recurrence relations for x and y are given. 

 

2.Method of analysis 

     The equation under consideration to be solved is  

         4222 )7(3)(2 zxyyx n                                                                         (1) 

Two different methods of solving the above equation are illustrated below. 

2.1: Method : I 

                 The values of x and y are obtained by applying the method of induction presented 

below. To start with consider the equation  

             422 3)(2 zxyyx                                                                                     (2) 

 Introducing  the transformations  

             vuvuyvux ,,                                                                                   (3) 

 in (2), it is written as            

          4227 zvu                                                                                                     (4) 

Assume  

           227 baz       0,ba                                                                                    (5) 

Now  

          4224 )7( baz  24224233 )4942()284(7 ababbaab                    (6)                                                            

comparing  (4) and (6), we   get   

          
4224

33

4942

284

ababv

baabu
 

In view of (3) and (5)  the solutions  ),( 00,0 zyx  of (2) are found to be 

        422433
0 4942284 ababbaabx  

        422433
0 4942284 ababbaaby  

         22
0 7 baz  
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Now consider the equation  

         4222 )7(3)(2 zxyyx                                                                             (7) 

Again substituting (3) in (7), it becomes, 

           4222 )7(7 zvu                                                                                        (8) 

Using (5) in (8) and employing the method of factorization, define           

4)7)(7()7( aibiuiv  

Equating the real and imaginary parts, we get, 

             )284()4942( 334224 baabababu  

             )284(7)4942( 334224 baabababv  

Substituting the above values of u and v in (3) the pair ),( 11 yx satisfying (7) are given by, 

            001 4)3( yxx  

            001 )3(4 yxy
 

 

 

In  matrix   notation, we write,         

         
0

0

1

1

y

x
 = 

34

43

0

0

0

0

y

x
 

By the method of induction we can find sequence of solutions of (1) as  

         
0

0

n

n

y

x
 = 

0

0

34

43

0

0

y

x
n

  

where   

        
34

43
M

 
 

The eigen values of M are got by  

                    
34

43
 = 0  

 

which implies   

                  7i   

Taking   

                  71 i , 71 i  

and  using the formula for 
nA ,namely, 

                
11

1

11

1 )()( IAIA
A

nn
n   

we get  
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)(7)(3)(4

)(4)(7(3

72

1

111111

1111
)

11
nnnnnn

nnnnnn
n

i

i

i
A  

Hence , the solutions of (1) are given by  

                  )(7)(43
72

1
111100
nnnn

n iyx
i

x  

                   )(7)(34
72

1
111100
nnnn

n iyx
i

y  

                   227 bazn  

The solutions  nx  and ny  satisfy the following recurrence relations. 

                0)7(2 2
12 nnn xxx  

                0)7(2 2
12 n

n
nn yyy  

2.2;Method:II 

In view of (3) , (1) is written as  

              4222 )7(7 zvu n                                            (9) 

Assuming (5) in (9) and employing  the method of  factorization, define 

          4)7()7()7( aibiuiv n  

Expanding binomially and equating real and imaginary parts ,we have 

             ]284)[(7]4942)[( 334224 baabgababfv  

    

where 

        

2

0

2
2 7)1()(

n

r

rrnr
rnCf       

              

2

1

1

1121
12 7)1()(

n

r

rrnr
rnCg  

]4942)[(]284)[( 422433 ababgbaabfu
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The non-zero distinct integral solutions of (1) are given by 

                  ]284)][(7)([]4942)][()([ 334224 baabgfababfgx  

             ]284)][(7([]4942)][()([ 334224 baabgfababfgy  

                  227 baz  

3.Remarkable observations: 

    If   ),,( 000 zyx  is any given non-zero solution of the  (1) ,  then each of the   triples 

       

 )7,7,7(),,( 0
2

0
4

0
4

222 zyxzyx nnn
nnn          

also   satisfies (1) 

      A  few interesting relations observed from the above triples are presented below   

1) 

2

0

1

0

12

0

12

z

z

x

y

y

x nnn  

2) 
0

4

1 0

2

4

4

1
7

17

z

z

x

x N
N

n

n  

3) The triple  
0

12

2
0

2
12

0

12 ,,
x

y

z

z

y

x nnn  forms an arithmetic progression. 

4) N

N

n

n zzz 20

1

12
7

48
 

5) nnnn zxzy 221212
37  

 

6) Each of the following expression is a nasty number 

               i)
012

026

xx

yx

n

n  

              ii) ]1
2

[6
0

2

0

4

z

z

z

z nn  

)7,7,7()( 0
12

0
24

0
24

12,12,12 zxyzyx nnn
nnn
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               iii) nn yyxyx 20200 )2(6
 

 

              iv) 1200012 )2(6 nn yyxyx  

              v) nn yzyzz 20004 )2(6
 

4. Conclusion: 

                  In this paper the non-homogeneous biquadratic equation with three unknowns is 

studied for determining its non-zero distinct integral solutions .Two different approaches have 

been presented. To start with, the method of induction has been introduced to find the 

corresponding integer solutions of the given ternary biquadratic equation.Secondly, the process of 

factorizations and the method of cross multiplication have been considered to determining the 

non-zero distinct integral solutions of the Diophantine equation under consideration. 

                    It is worth to mention here that, when n takes even values, the equation (9)   can be 

written as a system of double equations. Employing the method of cross-multiplication, an infinite 

number of integer solutions of the given ternary quartic Diophantine equation may be obtained, 

To conclude one may search for other choices of solutions to (1) along with the corresponding 

properties. 
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