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Abstract

The non-homogeneous quartic equation with three unknowns represented
by2(x2+y2)+3xy:(052+7)”z4 is analyzed for finding its non-zero distinct integral
solutions. Two different methods have been presented for determining the integral solutions of the
ternary non-homogeneous biquadratic equation under consideration.The recurrence relations
satisfied by the values of x and y are of degree four with three unknowns are exhibited. Knowing
an integer solution of the given equation, triples of non-zero distinct integers generating an
presented. A few interesting relations among the solutions of the considered non-homogeneous
diophantine equation infinite number of integer solutions for odd ordered and even ordered
solutions satisfying the given equation are presented respectively.
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1. Introduction

In [1-3] various attempts have been made to arrive at the general solution of some
typical quartic equations with two or more unknowns .In particular, one may refer [4-15] for
special quartic equations with three unknowns analyzed for their integral solutions in general
forms. This communication concerns with yet another ternary quartic equation

2(x2 + y2) +3xy = (a2 +7)" z* for determining non-zero integral solutions. Two different
methods of solutions are presented. The recurrence relations for x and y are given.

2.Method of analysis
The equation under consideration to be solved is
2(x% +y?)+3xy = (&? +7)" z* (1)
Two different methods of solving the above equation are illustrated below.

2.1: Method : |

The values of x and y are obtained by applying the method of induction presented
below. To start with consider the equation

2(x2 +y2)+3xy: 24 (2)
Introducing the transformations
X=U+V,y=U—-V,U#V 3)

in (2), it is written as

7u? +v? = z* 4
Assume

z=7a°+b%> ab=0 ®)
Now

2% = (7a% +b?)* =7(4b%a-28a%p)? + (b* - 42a%b? +49a*)? (6)

comparing (4) and (6), we get
u=4b3a-28a%b

v=b*-42a’b? + 49a*
In view of (3) and (5) the solutions (Xg Yg,2g) of (2) are found to be

xo =4b%a—28a%b +b* —42a%b? +49a*
yo =4b3a—28a%b—b* + 42a%b? — 492"

Zg = 7a% +b?
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Now consider the equation

2(x2 +y2)+3xy:(a2 +7)z4 @)
Again substituting (3) in (7), it becomes,
7u% +v? = (o? +7)2* 8)

Using (5) in (8) and employing the method of factorization, define
(v +iv7u) = (@ +iV7) b +iv7a)*

Equating the real and imaginary parts, we get,
u=(b* —42a%b? +49a*) + a(4b3a - 28a°p)
v=a(b? - 42a%b® + 49a*) - 7(4b%a - 28a°p)
Substituting the above values of u and v in (3) the pair (X, y;) satisfying (7) are given by,
X1 = (a =3)Xp —4Yo
y1 =4X%g + (@ +3)yo

In matrix notation, we write,

X1 0 _ a-3 -4 X0 0
Y1 0 - 4 a+3 Yo 0

By the method of induction we can find sequence of solutions of (1) as
Xp 0) (a-3 —4nx0 0
(yn oJ % ( 4 a+3) (yo o]
where

a-3 -4
M =
( 4 a+3]

The eigen values of M are got by

a-3-1 -4 |
4 a+3-1
which implies
A =aii\/7

Taking
a1:a+iﬁ,ﬂ1=a—iﬁ
and using the formula for AN ,namely,
an_a (A=p) A" (A-al)
o —h h—a

we get
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an_ 1 [=3(" - B T (" + B ~ 4" - ")
2i7 4" - A1) 3" — ") +iNT (" + A"

Hence , the solutions of (1) are given by
1 _ ]
Xn N k3xo —4yo 0" - A" +iNT (" + ")
Yn = o +3Y0 Tat" - ") +iNT (" + "),
2i f
z, =7a 2 +p?

The solutions x,, and y,, satisfy the following recurrence relations.

Yni2 —26ns1 + (@ +7)"y, =0
2.2;Method:1Il
In view of (3) , (1) is written as
7u? +v2 = (a2 +7)" 2% )
Assuming (5) in (9) and employing the method of factorization, define
(V+iv7u) = (@ +iN7)" (b +ir/7a)*

Expanding binomially and equating real and imaginary parts ,we have
v= f(a)[o? - 42a°b? +49a*]- 7g(e)[4ab® - 28a°p]

u = f(e)[4ab® - 28a%0] + g()[p? - 42a%b? +49a*]

where
H
2
f(@)= > nCor (-1 a" 27"
r=0

{n+l}

2

9(a) = Z nczr_l(_l)r—lan—2r+17r—1
r=1
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The non-zero distinct integral solutions of (1) are given by
x =[g(e) + f (a)][b* —42a%b? +49a*]+[f (o) - Tg(e)][4ab® - 28a°0]
y=[9(a) - f(a)][b* - 42a%b? +49a*]+[f (o + 7g(x)][4ab® — 28a°D]

z=Ta” +b?
3.Remarkable observations:

If (Xg,Y0.Zg) isany given non-zero solution of the (1), then each of the triples

4n—2 4n—-2 2n-1
(Xon—1 Yon-1.22n-1) = (7" "2y, 7" %0,7°" " 29)
(Xan: Yan. Zan) = (74" %0, 74" y0,7%" 20)

also satisfies (1)

A few interesting relations observed from the above triples are presented below

2
1) X2n-1 _ Yon-1 :(Zn—lj
Yo 0 )

4 N
— X Z
2) 7_41 S Xon g 24N
7 n-1 XO ZO

2

. Xon_1 Zon— - ] | .

3) Thetriple | 222=L, 2”21 J20-1 | forms an arithmetic progression.
Yo Z) X0

48 N
4 —Dzpq+129 =1y
7 n=1

3
5) 77 Yon-1Zon-1 = X2nZ2n

6) Each of the following expression is a nasty number

|) 6X2n yO
X2n-1X0

2
i) 6240 4 2220 1]
Zo 20
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iii) 6 [xo +2y0)Xan + YoYan .
iv) 6 Kon_1Y0 + (X0 +2Y0)Yan—1_
v) 6 Eanzo + (o +220)yan .

4. Conclusion:

In this paper the non-homogeneous biquadratic equation with three unknowns is
studied for determining its non-zero distinct integral solutions .Two different approaches have
been presented. To start with, the method of induction has been introduced to find the
corresponding integer solutions of the given ternary biquadratic equation.Secondly, the process of
factorizations and the method of cross multiplication have been considered to determining the
non-zero distinct integral solutions of the Diophantine equation under consideration.

It is worth to mention here that, when n takes even values, the equation (9) can be
written as a system of double equations. Employing the method of cross-multiplication, an infinite
number of integer solutions of the given ternary quartic Diophantine equation may be obtained,
To conclude one may search for other choices of solutions to (1) along with the corresponding
properties.
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