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Abstract

Manifolds have been modeled in various spaces with both Hausdorff and non-Hausdorff
properties. In this paper, we define pseudoderivative on almost continuous functions and get
some of its properties. Thereafter we model a cofinite topological manifold W using almost

continuous functions.
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1. Introduction and Literature Review

Manifolds have been looked at as topological spaces locally homeomorphic to Euclidean
spaces R" of a fixed dimensions without assuming the Hausdorff separation axioms (Baillif and
Gabard, 2008). Topological manifold M of dimension n has been defined by Lee (2000) based
on the properties of Hausdorffness, second countability and as a locally Euclidean of
dimension n. This has been shown in much of the mathematical literature. In 1950s and 1960s, a
broad definition of a manifold was given which omitted the point set axioms and allowed higher
cardinalities and non-Hausdorff manifolds to be modeled. It also omitted finite dimension which
allowed structures such as Hilbert manifolds, Banach manifolds and Fréchet manifolds to be
modeled on Hilbert spaces, Banach spaces and Fréchet spaces respectively. Manifolds have also
been modeled on convenient vector spaces, (Kriegl and Michor, 1997). A non-Hausdorff
manifold was defined by Kent et al., (2009) as a topological space which has a countable base of
open sets and locally Euclidean of dimension n. They reviewed some topological properties of
non-Hausdorff manifolds where they introduced the notion of compatible apparition points for
the non-Hausdorff manifolds and studied the properties of these points.

Almost continuity generalizes the notion of continuity and every continuous function is an
almost continuous function even though the reciprocal may not hold. It had been defined
differently by Stallings (1959), Frolik (1961), Husain (1966) and Singal and Singal (1968).
Among many generalization of notion of continuity, almost continuous functions have been
defined on Hausdorff spaces as well as on T;— spaces. Properties and several results concerning
almost continuous functions have been studied and proved, (Long and McGehee, 1970). A
remarked was made that most of the interesting results with almost continuous functions are
obtained with the class of T;- spaces, (Naimpally 1966). On the class of T;— spaces, Gichuki
(1996) investigated the invariance and inverse invariance of some topological properties with
respect to continuous functions and almost continuous functions. On separable locally convex
topological vector spaces, one variant of the inverse function theorem have been developed
where Dg,, derivative at a point in a given open subset of a locally convex space have been

shown, (Sukhinin and Sogomo, 1985).
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2. Preliminaries

The results in this paper are obtained based on infinite cofinite spaces, almost continuous
functions as defined by Stallings (1959), Topological manifolds as defined by Lee (2000),
inverse function theorem by Sukhinin and Sogomo (1985), closed graph theorem by Rudin
(1991) and implicit function theorem.

Definition 1.1

A piecewise linear map is a map composed of some number of linear segments defined over an

equal number of neighborhoods.

Theorem 1.1

Given any compact space P c X and any f € C[P], there exists a map ®.: X — Y such that
f(x) — ®.(x) c V, Vx € X where V, is a neighborhood of zeroinY............................. (**)
Proof

Since f is uniformly continuous on the compact set P and given any neighborhood of zero
V, €Y, there exists a neighborhood of zero U, € X such that, for any x,x'€ U, with
x—x'cU, we havef(x)—f(x)cV, Now pick B:n€eN such thatUB, =P and
letx,, =P, where m=0,1,..,n. Define ®, as follows: ®(e):=f(e) Ve € P, and
¢;(x) == f(x;) Vx € P;, 1 <i < n so that, the map @, is constantly equal to the value of f at P;
hence f(x) — ®.(x) c Vy and f(x) — f(x;) € V, since x — x; < U,. Therefore, (**) is satisfied
onP.

Implicit function theorem

It has been shown by Lerman that inverse function theorem implies implicit function theorem.
His proof however was in finite dimensional spaces. Before we prove the inverse function
theorem in cofinite spaces, we show below that the implicit function theorem is valid for such

spaces.

Theorem 1.2

Assume conditions of the inverse function theorem are fulfilled. Then there is a neighborhood U
of point x, in X, V of y, in Y and a function g:U — V so that f(x, g(x)) = ¢ for x € U.
Here ¢ = f(xq,y0)-
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Proof
Consider the map H(x,y) = (x,f(x, y)). Since f satisfies conditions of closed graph theorem,
then f(x,y) is invertible near (x,,y,) and by the inverse function theorem, H(x, y) is invertible

near (xq,y,). Denote by G the inverse of H then for w,v near (x,c), we have
(w,v) = H(G(u, v)) = H(Gl(u, v), G, (u, v)) = (Gl(u, v),f(Gl(u, v), G, (u, v))). Therefore
U=G6 W) (i) and v = f(Gy(w,v), Go(W,V)).evvvveeeen (ii). Substituting (i)
into (ii), we get v = f(u, G,(u,v)) for all u near x,, v near c. Let v =c, u=x, we get

¢ = f(x,G5(x,¢)). Let g(x) = G,(x, c), we then have ¢ = f(x, g(x)).

Definition 1.2

Let P be an open set in ¢(U(x,)). The map f: P — (V(xo)) is Dg, differentiable at x, € P,
if there exists a linear continuous operator f '(xq):d(U(xg)) — Y(V(xy)), such that
R(x,h) = f(x + h) — f(x) — f '(x)h satisfies the condition:
ACVBIU:(heB+U,aheU x—xy€U) = R(x,ah)€alC..............c..coevenn... (1)

Theorem 1.3

Let P be an open set in ¢(U(xo)), f: P — PV (xo)) is strictly D, differentiable at x, € P
and f'(x,) a linear homeomorphism of ¢ (U(x,)) onto the subspace (respectively onto a closed
subspace) ¢ (U(xy) NV (xg)) € Y(V(xp)), with induced topology. Then there exists such an
open neighborhood 2V of x,, such that f|: N — ¥(V(x,)) is injective.

Proof

We look at the case of Dg,,, differentiability. Without reducing generality, assume that
X0=0,v,=0, ¢(xg) = p(U(xy) NV(xy)) and f'(x,) is identity operator. On the contrary
we look at the mapF:d(U(xy) NV (xg)) — d(U(xg) NV (xy)), defined by the
formula F () = f'(xo + [f (x0)]"'9) — f(xo) for 4 € f71(x0) (P — x0).

Note that a linear homeomorphism takes a bounded set to a bounded set and a compact to a
compact. In view of the above, f can be expressed as f(x + h) — f(x) = h + R(x, h) where R
satisfies (i) for x, =0, y =yeand 8 = Be. For B o (2C)N ¢(x,), where C is taken from (i),
we findsucha U, that (h € B+ 2U,ah € 2U,x € U) = R(x,ah) €aC........................ (ii)
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We show that f|,: U — ¥(x,) is injective. Let x,x +h €U and f(x+ h) = f(x). Then
h € U — x c 2U and from (ii) follows that R(x, h) € C.
Further h + R(x,h) = f(x +h) — f(x) =0 i.e. h = —R(x,h) € C. Let u > 0. Then since C is

closed, h € (uC)N p(xy) = %u[(ZC)ﬂ P(xy)] %uB. In this regard from (ii) follows that
—h=R(x,h) =R <x,%u(2u‘1h)) € uc, since 2u~'h € B < B + 2U.

©, y&uC(vu>0)

If K < (xo), 4 € P(xo), Px(y) = {inf{,u >0:y € uX}

Then it implies that u = P.(h) < %/l and this is impossible since u > 0. Therefore P.(h) = 0
and hence h = 0 in view of boundedness of C. From this instead of V" in the theorem, U can be
used. The closure of ¢(x,) = ¢(U(xo) NV (x,)) in the case of Dg_, differentiability of f was

used in the choice of B o (2C)N ¢(x,), since 2CN ¢(x,) is compact in ¢ (x,), if C is compact
inyY(x).

Theorem 1.4

Assume conditions of the theorem 1.3 are fulfilled (except closure of ¢(U(x,) NV (x,)) where
R satisfies the condition: 3C v C '3V :

(he (C'+MNPU(xg)), ah € VN p(U(xp)), x —x9 EVN ¢p(U(xg)) = R(x,ah) € aC ...
(iii). (Here ¢(U(xg)) = ¢(U(xp) NV (%)), f '(x0) =1id). Then there exists such an open
neighborhood H of x, such that f|4: H — f(H) is bijective and uniformly continuous together
with the inverse map.

Proof

Under conditions of the proof of theorem 1.4, for C' > 2C where C is taken from (iii) we look
for such a V that the following condition is fulfilled:

(he (€ +V)Np(xy), ah € 2VINP(xg), x € VNP(xy)) = R(x,ah) € acC...... (iv). Choose
an arbitrary V'. Then there exists such aV", that V" cV'NV and CI(C'+V") cC +V.
Let x,x + h € VNp(xy). Then h € (2V)Np(x,). Let p = P..,,~(h) whereu > 0, then from

(iv) follows that R(x, k) = R(x, u(u"1h) € uC c %,uC' c iu((f V).
Since u"th € CL(C + V")NP(xy) € (C'+ VINP(xy).

In this case P, (R(x, h)) <5 p = ~Pg.,,(h) , hence
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Peyy (F@+ 1) = £(2)) = Pgoyy (R + ROGR)) = 2 Pepyr(R)occec (v)

From convexity and balancedness of the set €'+ V", it follows that if u = P¢.y(h) = 0, then
(iv) is also fulfilled. From boundedness of C' and arbitrariness of V' and the definition of
induced uniform structure on H = VN¢(x,) and (v) follows that f|s: H — f(H) is bijective

and uniform continuity of inverse mapping.

Main results

Almost continuous functions

Definition 1

A function g is an almost continuous function at x, if there exists a continuous function f such

that (f — g)(x,) < U, for every neighborhood of zero U,.

Theorem 1

Let X; = (X,T) be an infinite space with finite complement topology and let g be an almost
continuous function. Then X, = g(X;) is an infinite space with finite complement topology.
Proof

Given that X; is an infinite set with finite complement topology and if U c X;, then U ' consists
of finite elements. If f is a continuous function from X; — X,, then f(U") c X, consists of
finite elements since f is a one to one map. Note that g is an almost continuous functions if for
every neighborhood of zero U, c X,, there exists a neighborhood V c X; such that
(f—g9)(V) cU, VYV c X;.Since f — g is one to one, then U, consists of infinite elements and
(f — g)(V) must consist of finite elements since V consists of infinite elements and V' consists
of finite elements. This is due to the fact that X; is an infinite set with finite complement

topology.

Theorem 2

Let X and Y be linear topological spaces without norm and f € C[X], then there exists an almost
continuous function W.:X — Y such that f(x) —¥.(x) cV,vVxeX where V, is a
neighborhood of zero in Y.

This follows from the fact that almost continuous functions are subsets of piecewise linear map
and continuous functions are subsets of almost continuous functions. The result of this theorem

follows from theorem 1.1 above.
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b) Pseudoderivative on almost continuous functions

b)

Definition 2
A linear operator T is Dg,, pseudoderivative on an almost continuous function g at x, if there
exists a Dg,, differentiable function f such that (T — f ) (x,) < U, for every neighborhood of
zero,U,.
Properties of pseudoderivative on almost continuous functions
Given that g is an almost continuous function and f is a continuous function both defined in an
open neighborhood U, of a point x, then the pseudoderivative on almost continuous functions
satisfies the following properties:
Linearity which consists of two parts:
[A(g = NI+ h) = [A(g = NI = 2g(x + h) — Ag(x) — Af (x + h) + Af (x)
= 2(g'() - £(x)) € Us
# [2(g@) = )] = 2(g() — f()) < Up
From the above, pseudoderivative of a constant times an almost continuous function can as well
be given by (1g) '(x) = Ag '(x)
Given two almost continuous functions g, and g, and a continuous function f we have the sum
of pseudoderivatives given as
[(g1+92) = flx + h) — [(91 + 92) — f1(x)
=g1(x+ ) +g,(x + h) — fx + h) — g1(x) — g2(x) + f(x)
= g1(x +h) — g1(x) + go(x + h) — go(x) = (f(x + h) — f(x))

= [(g1 () + g2’ ) = f (0] < Ug

2 (g1t g2) () =g, (%) + g2’ (%)
The product of pseudoderivatives on almost continuous functions can as well be shown by
considering two almost continuous functions g and h and two differentiable functions f; and
f» as follows:

[gh — fifo](x + @) — [gh — f1f2](x)

= gh(x + a) — g(h(x + a) + g(h(x + a) — g(h(x) - fife (x + @) + () fo(x + @)
— 1) f2(x + @) + f1(x) f2(x)
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=h(x+a)[glx+a) —g)] - olx + D[filx + @) — ()] + g()[h(x + @) — h(x)]
— i[f2(x + @) — f2(x)]
=[h(x+a)g'(x) — folx + ) f; ()] + [g()h '(x) — f(x)f ()] € Uy
From above such a product can be indicated as (gh) '(x) = g(x)h'(x) + g '(x)h(x).

Manifolds based on cofinite spaces

Definition 3

A topological space W is a topological manifold on a cofinite space if it has a countable base of
open sets and for every neighborhoods U(x,) and V(x,) of a point x, € W there exists almost
continuous functions ¢ and y such that:

1. p(U(xp)) and Y (V (x,)) maps W to cofinite spaces.

2. 3 a bijective almost continuous function h: ¢ (U(xy) NV (xg)) — Y (U(xe) NV (xp)).

Theorem 3

If for any point x, in a topological space W and any neighborhoods U(x,) and V(x,) of x, and
almost continuous functions ¢ and i are such that they map W to cofinite spaces
d(U(x)NV (x0)) and P(U(xo)NV(xp)). Then 3 a bijective almost continuous function
h: (U (xo) NV (x0)) = P (U(xo) NV (x0)).

Proof

Assuming that ¢ and y satisfy condition 1 of definition 3, then definition 1.3 together with

theorems 1.3 and 1.4 proves theorem 3.
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