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Abstract 

The aim of this paper is to present the notion of fuzzy ℭ-b- boundary through the 

arbitrary complement function ℭ. Further we develop the concept by fuzzy ℭ-b-closure and 

fuzzy ℭ-b-interior using this fuzzy ℭ-closure operator. Topologically, fuzzy boundary was 

defined by Warren[13] in 1977. Later Pu and Liu[12], gave another definition of Fuzzy 

boundary. Later Cuchillo- Inbanez and Tarres[6], provided a new definition for boundary. 

So, finally a relative study of these three fuzzy b-boundaries in different ways is also 

established.  
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1. Introduction. 

 Chang introduced the concept of fuzzy topological space[5] which is a natural 

generalization of topological space in 1968. In [5], Chang’s study is restricted to the 

concepts of such as open set, closed set, neighborhood, interior, continuity and 

compactness. For a fuzzy set A in a fuzzy topological space X, we denote the Fuzzy closure 

of A by Cl A that equals to the infimum of  fuzzy closed sets containing A. The connection 

between the fuzzy open sets and the fuzzy closed sets is given by the standard complement 

ℭ  of A with the membership function ℭ( )=1− .  

The standard complement is obtained by using the function ℭ∶ [0,1]⟶[0,1] defined 

by ℭ( )=1−  for all ∈[0,1].  

Boundary generally marks the division of two contiguous properties. In topology 

boundary of a set is defined as the set of points that belongs to both closure of the set and 

closure of the complement of the set. Topologically, fuzzy boundary was defined by 

Warren[13] in 1977. Later Pu and Liu[12], gave another definition of Fuzzy boundary. 

Later Cuchillo- Inbanez and Tarres[6], provided a new definition for boundary. Athar and 

Ahmad studied the properties of fuzzy boundary recently. K. Bageerathi et.al[4] extended 

this standard complement function to the analog concepts with respect to an arbitrary 

complement function ℭ∶[0,1]⟶[0,1].  

             In this paper the author using the complement function ℭ∶[0,1]⟶[0,1] , introduce 

the concept of fuzzy ℭ-b-closed set and fuzzy ℭ-b-closure operator, fuzzy ℭ-b-open set and 

fuzzy ℭ-b-interior operator in a fuzzy topological space. In this paper, first we introduce the 

concept of fuzzy b-boundary and  generalize the concept of fuzzy b-boundary using the 

arbitrary complement function ℭ.  

For the basic concepts and notations, one can refer Chang[8]. The concepts that are 

needed in this paper are discussed in the second section.  The section three is dealt with the 

concept of fuzzy ℭ -b-boundary .  

2. PRELIMINARIES 
 

Throughout this paper (X, ) denotes a fuzzy topological space in the sense of Chang.  Let 

ℭ: [0, 1] [0, 1] be a complement function. If  is a fuzzy subset of (X, ) then the 
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complement ℭ  of a fuzzy subset  is defined by ℭ (x) = ℭ ( (x)) for all x X. A complement 

function ℭ is said to satisfy  

(i) the boundary condition if ℭ (0) = 1 and ℭ (1) = 0, 

(ii) monotonic condition if x  y  ℭ (x)  ℭ (y), for all x, y  [0, 1], 

(iii) involutive condition if ℭ (ℭ (x)) = x, for all x [0, 1].                      

         The properties of fuzzy complement function ℭ and ℭ  are given in George Klir[8] and 

Bageerathi et al[2]. The following lemma will be useful in sequel. 

Lemma 2.1 [2] 

Let ℭ : [0, 1]  [0, 1] be a complement function that satisfies the monotonic and 

involutive conditions. Then for any family { α: α  } of fuzzy subsets of X, we have  

       (i) ℭ (sup{ α (x): α }) = inf{ ℭ ( α (x)): α }= inf{( ℭ α (x)): α } and 

(ii) ℭ (inf{ α (x): α }) = sup{ ℭ ( α (x)): α }= sup{( ℭ α (x)): α } for x X. 

Definition 2.2 [Definition 2.15, [3]]  

A fuzzy topological space (X, ) is ℭ -product related to another fuzzy topological space (Y, 

) if for any fuzzy subset  of X and  of Y, whenever ℭ    and ℭ    imply   ℭ   1  1 

 ℭ  ≥   , where    and  , there exist 1  and   1  such that  ℭ 1 ≥  or ℭ 1 ≥ 

 and ℭ 1  1  1  ℭ 1 = ℭ   1  1  ℭ . 

Lemma 2.3 [Theorem 2.19, [3]] 

 Let (X, ) and (Y, ) be ℭ -product related fuzzy topological spaces. Then for a fuzzy 

subset  of X and a fuzzy subset  of Y, b ℭ (   ) = b ℭ   b ℭ . 

Lemma 2.4 [3] 

 Let (X, ) be a fuzzy topological space and let ℭ be a complement function that 

satisfies the monotonic and involutive properties. Then a fuzzy set  of a fuzzy topological 

space (X, ) is  

(i)  fuzzy ℭ - b-open if and only if   int ℭ   ℭ int .  

 (ii) fuzzy ℭ -b-closed if and only if ℭ  is fuzzy ℭ -b-open. 

(iii) The arbitrary union of fuzzy ℭ-b-open sets is fuzzy ℭ -b-open. 

Definition 2.5[11] 
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Let (X, ) be a fuzzy topological space and ℭ be a complement function. Then for a fuzzy 

subset  of X, the fuzzy ℭ - b-interior of  (briefly bint ℭ ), is the union of all fuzzy C-b-open 

sets of X contained in . That is, 

 bint ℭ ( ) =  { :   ,  is fuzzy ℭ-b-open}. 

Proposition 2.6 [11] 

 Let (X, ) be a fuzzy topological space and let ℭ be a complement function that 

satisfies the monotonic and involvtive conditions. Then for any fuzzy subsets  and  of a 

fuzzy topological space X, we have 

(i) bint ℭ   , 

(ii)  is fuzzy ℭ - b-open  bint ℭ  = ,  

(iii) bint ℭ (bint ℭ ) = bint ℭ , 

(iv) If    then bint ℭ   bint ℭ . 

Proposition 2.7 [11] 

 Let (X, ) be a fuzzy topological space and let ℭ  be a complement function that 

satisfies the monotonic and involutive conditions. Then for any two fuzzy subsets  and  

of a fuzzy topological space, we have (i) bint ℭ ( )  bint ℭ  bint ℭ  and (ii) bint ℭ ( ) 

 bint ℭ  bint ℭ . 

Definition 2.8 [11] 

Let (X, ) be a fuzzy topological space. Then for a fuzzy subset  of X, the fuzzy ℭ-b-

closure of  (briefly b ℭ ), is the intersection of all fuzzy ℭ-b-closed sets containing . That 

is b ℭ  = { :   ,  is fuzzy ℭ-b-closed}. 

The concepts of “fuzzy ℭ - b-closure” and “fuzzy b- closure” are identical if ℭ is the 

standard complement function. 

Proposition 2.9 [11] 

 If the complement functions ℭ satisfies the monotonic and involutive conditions. 

Then for any fuzzy subset  of X, (i) ℭ (bint ℭ ) = b ℭ (ℭ ) and  

(ii) ℭ (b ℭ ) = bint ℭ (ℭ ), where  bint ℭ  is  the union of all fuzzy ℭ-b-open sets contained 

in . 
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Proposition 2.10 [11] 

 Let (X, ) be a fuzzy topological space and let ℭ be a complement function that 

satisfies the monotonic and involutive conditions. Then for the fuzzy subsets  and   of a 

fuzzy topological space X, we have 

(i)   b ℭ , 

(ii)  is fuzzy ℭ-b-closed  b ℭ  = , 

(iii) b ℭ (b ℭ ) = b ℭ , 

(iv) If    then b ℭ   b ℭ . 

Proposition 2.11 [11] 

 Let (X, ) be a fuzzy topological space and let ℭ be a complement function that 

satisfies the monotonic and involutive conditions. Then for any two fuzzy subsets  and  

of a fuzzy topological space, we have (i) b ℭ ( ) = b ℭ   b ℭ  and  (ii) b ℭ ( )  

b ℭ   b ℭ . 

 

3. Fuzzy ℭ -b-boundary  

The concept of fuzzy b-boundary is defined as b  = b   b  ( ℭ). In this section, 

the concept of fuzzy ℭ-b-boundary is introduced and its properties are discussed.  

Definition 3.1 

Let  be a fuzzy subset of a fuzzy topological space X and let ℭ be a complement 

function. Then the fuzzy ℭ-b-boundary of  is defined as ℭb  = b ℭ  b ℭ (ℭ ). 

       Since the arbitrary intersection of fuzzy ℭ-b-closed sets is fuzzy ℭ-b-closed, ℭb  is 

fuzzy ℭ-b-closed. 

Proposition 3.2 

Let (X, ) be a fuzzy topological space and ℭ be a complement function that satisfies 

the involutive condition. Then for any fuzzy subset  of X, ℭb = ℭb(ℭ ). 

Proof. 

By using Definition 3.1, ℭb  = b ℭ  b ℭ (ℭ ). Since ℭ satisfies the  
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involutive condition ℭ(ℭ ) = , that implies ℭb  = b ℭ (ℭ )  b ℭ ℭ (ℭ ). Again by using 

Definition 3.1, ℭb  = ℭb (ℭ ).  

The following example shows that, the word “involutive” can not be dropped from 

the hypothesis of Proposition 3.2. 

Example 3.3 

Let X = {a, b, c} and  = {0, {a.6, b.7, c.8}, {a.8, b1, c.7}, {a.8, b.6, c.7}, {a.8, b1, c.8}, {a.6, b.7, 

c.7}, {a.8, b.7, c.8}, {a.6, b.6, c.7}, {a.2, b0, c.1}1}.  Let ℭ (x) = 
21

1

x

x
, 0  x  1, be the complement 

function. We note that the complement function ℭ does not satisfy the involutive condition. 

The family of all fuzzy ℭ -closed sets is ℭ ( )={0,{a.294, b.201, c.122}, {a.122,b0, c.201},{a.122, b.294, 

c.201},{a.122, b0,c.122}, {a.294, b.201, c.201}, {a.122, b.201, c.122}, {a.294, b.294, c.201}, {a.769, b1, c.891}, 1}. 

Let  = {a.2, b0, c.1}. Then Int  = {a.2, c.1}, Clℭ Int  = {a.294, b.201, c.122} and Int Clℭ = {a.2, c.1}. 

This implies that   Clℭ Int   Int Clℭ  = {a.2, c.1}. By using Proposition 4.2,  is fuzzy C-b-

closed. Then it can be verified that b ℭ  = {a.2, b0, c.1}. Now ℭ  = {a.769, b1, c.891} and the 

value of b ℭ ℭ  = {a.769, b1, c.891}. Hence ℭb  = b ℭ  b ℭ (ℭ ) = {a.2, b0, c.1}. Also ℭ (ℭ 

) = {a.12, b0, c.0607}, b ℭ ℭ (ℭ ) = {a.12, b0, c.0607}. ℭb ℭ  = b ℭ ℭ    b ℭ ℭ (ℭ ) = {a.12, 

b0, c.0607}. This implies that ℭb   ℭb ℭ .  

Proposition 3.4 

Let (X, ) be a fuzzy topological space and ℭ be a complement function that satisfies 

the monotonic and involutive conditions. If  is fuzzy ℭ-b-closed, then ℭb   . 

Proof. 

Let  be fuzzy ℭ-b-closed. By using Definition 3.1, ℭb  = b ℭ  b ℭ (C ). Since ℭ 

satisfies the monotonic and involutive conditions, by using Proposition 2.10(ii), we have 

b ℭ  = . Hence ℭb   b ℭ  = .  

The following example shows that if the complement function ℭ does not satisfy the 

monotonic and involutive conditions, then the conclusion of Proposition 3.4 is false. 

Example 3.5 

Let X = {a, b} and  = {0, {a.5, b.6}, {a.75, b.2}, {a.5, b.2}, {a.75, b.6}, 1}.  Let ℭ (x) =
x

x

1

2
, 0 

 x  1, be a complement function. From this, we see that the complement function ℭ does 
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not satisfy the monotonic and involutive conditions. The family of all fuzzy ℭ -closed sets is 

given by ℭ ( ) = {0, {a.667, b.75}, {a.857, b.333}, {a.667, b.333}, {a.857, b.75}, 1}. Let  = {a.665, b.462}, 

it can be found that ℭ  = {a.667, b.33} and Int ℭ  = {a.5, b.2} and ℭ Int  = {a.667, b.3}. This 

shows that  is fuzzy ℭ -b-closed. Further it can be calculated that b ℭ  = {a.667, b.75}. Now 

ℭ  = {a.8, b.857} and b ℭ ℭ  = {1}.  Hence ℭb  = b ℭ  b ℭ (ℭ ) = {a.667, b.75}. This 

implies that ℭb   . This shows that the conclusion of Proposition 3.4 is false. 

Proposition 3.6 

       Let (X, ) be a fuzzy topological space and ℭ be a complement function that satisfies the 

monotonic and involutive conditions. If  is fuzzy ℭ-b-open then ℭb   ℭ . 

Proof.  

Let  be fuzzy ℭ-b-open. Since ℭ satisfies the involutive condition, this implies that ℭ 

(ℭ ) is fuzzy ℭ-b-open. By using Lemma 2.4, ℭ  is fuzzy ℭ-b-closed. Since ℭ satisfies the 

monotonic and the involutive conditions, by using Proposition 3.4, ℭb (ℭ )  ℭ . Also by 

using Proposition 3.2, we get ℭb ( )  ℭ . This completes the proof. 

Example 3.7 

Let X = {a, b, c} and  = {0, {a.3, b.5}, {a.5, b.2, c.15}, {a.5, b.5, c.15}, {a.3, b.2}, 1}.   

Let ℭ (x) = 
3

2

)1(

1

x

x
, 0  x  1, be the complement function. We note that the complement 

function ℭ does not satisfy the involutive condition. The family of all fuzzy ℭ -closed sets is 

ℭ ( )={0,{a.414, b.222, c1}, {a.222, b.556, c.642}, {a.222, b.222, c.156},{a.414, b.642, c1}, 1}. Let  = {a.4, 

b.122, c.57}, the value of b ℭ  = {a.414, b.222, c.174} and ℭ  = {a.306, b.701, c.174}, it follows that 

ℭb  = b ℭ  b ℭ (ℭ ) = {a.306, b.222, c.642}.  This shows that ℭb   ℭ . Therefore the 

conclusion of Proposition 4.6 is false. 

Proposition 3.8 

Let (X, ) be a fuzzy topological space and ℭ be a complement function that satisfies 

the monotonic and involutive conditions. If    and  is fuzzy ℭ-b-closed then ℭb   .  

Proof.  

Let    and  be fuzzy ℭ-b-closed. Since ℭ satisfies the monotonic and involutive 

conditions, by using Proposition 2.10(iv), we have    implies b ℭ   b ℭ . By using 
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Definition 3.1, ℭf  = b ℭ   b ℭ (ℭ ). Since  b ℭ   b ℭ , we have ℭb   b ℭ  

b ℭ (C )  b ℭ . Again by using Proposition 2.10 (ii), we have b ℭ  = . This implies that 

ℭb   .   

The following example shows that if the complement function ℭ  does not satisfy the 

monotonic and involutive conditions, then the conclusion of Proposition 3.8 is false. 

Example 3.9 

Let X = {a, b} and  = {0, {a.6, b.9}, {a.7, b.3}, {a.6, b.3}, {a.7, b.9}, 1}. Let ℭ (x) =
x

x

1

2
, 0  

x  1, be a complement function. From this, we see that the complement function ℭ does 

not satisfy the monotonic and involutive conditions. The family of all fuzzy ℭ-closed sets is 

given by ℭ ( )={0, {a.75, b.947}, {a.8235, b.462}, {a.75, b.462},{a.8235, b.947}, 1}. Let  = {a.7, b.45} and 

 = {a.76, b.5}. Then it can be found that Int ℭ  = {a.7, b.3}, Int  = {a.6, b.3} and ℭ Int  = 

{a.75, b.462} . This implies that   Int ℭ   ℭ Int  = {a.7, b.3}. This show that  is fuzzy ℭ -

b-closed. It can be computed that b ℭ  = {a.8, b.47}. Now ℭ  = {a.824, b.62} and b ℭ ℭ  = 

{a.824, b.47}. ℭb  = b ℭ    b ℭ (ℭ ) = { a.8, b.47}. This shows that ℭb   . Therefore 

the conclusion of Proposition 3.8 is false. 

Proposition 3.10 

Let (X, ) be a fuzzy topological space and ℭ be a complement function that satisfies 

the monotonic and involutive conditions. If    and  is fuzzy ℭ - b-open then ℭb   ℭ 

. 

Proof.   

Let   and  is fuzzy ℭ-b-open. Since ℭ satisfies the monotonic condition, by using 

Proposition 2.10(iv), we have ℭ   ℭ  that implies b ℭ C   b ℭ ℭ . By using Definition 

3.1, ℭb  = b ℭ   b ℭ ℭ . Taking complement on both sides, we get ℭ ( ℭb )=C (b ℭ 

 b ℭ (ℭ )). Since C satisfies the monotonic and involutive conditions, by using Lemma 

2.1, we have ℭ ( ℭb ) = ℭ (b ℭ )  ℭ(b ℭ (ℭ )). Since b ℭ ℭ   b ℭ ℭ , ℭ ( ℭb )  ℭ 

(b ℭ C )  ℭ (b ℭ ), by using Proposition 2.9(ii), ℭ ( ℭf )  bint ℭ  bint ℭ ℭ   bint ℭ . 

Since   is fuzzy ℭ-b-open, ℭ ( ℭb )  . Since ℭ satisfies the monotonic conditions, ℭb  

 ℭ . 
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The following example shows that if the complement function ℭ does not satisfy the 

monotonic and involutive conditions, then the conclusion of Proposition 3.10 is false. 

Example 3.11 

Let X = {a, b} and  = {0, {a.6, b.9}, {a.7, b.3}, {a.6, b.3}, {a.7, b.9}, 1}. Let ℭ(x) =
x

x

1

2
, 0 x  

1, be a complement function. From this, we see that the complement function ℭ does not 

satisfy the monotonic and involutive conditions. The family of all fuzzy ℭ -closed sets is 

given by ℭ ( )={0, {a.75, b.947}, {a.8235, b.462}, {a.75, b.462},{a.8235, b.947}, 1}. Let  = {a.6, b.3} and 

 = {a.65, b.4}. Then it can be evaluated that Int  = {a.6, b.3}, and ℭ Int  = {a.75, b.462}, Int ℭ 

 = {a.6, b.3}. Thus we see that   Int ℭ   ℭ Int  = {a.75, b.462}. By using Lemma 2.4,  is 

fuzzy ℭ -b-open. It can be computed that b ℭ = {a.85, b.632}. Now ℭ  = {a.75, b.462} and b ℭ 

ℭ  = {a.85, b.632}. ℭb  = b ℭ   b ℭ (ℭ ) = {a.85, b.632}. This shows that ℭb   ℭ . 

                  

 

Proposition 3.12 

            Let (X, ) be a fuzzy topological space. Let ℭ be a complement function that satisfies 

the monotonic and involutive conditions. Then for any fuzzy subset  of X, we have 

ℭ( ℭb ) = bint ℭ  bint ℭ (ℭ ). 

Proof. 

By using Definition 3.1, ℭb  = b ℭ   b ℭ (ℭ ). Taking complement on both 

sides, we get ℭ ( ℭb ) = ℭ (b ℭ b ℭ (ℭ )). Since ℭ satisfies the monotonic and 

involutive conditions, by using Lemma 2.4(ii), ℭ ( ℭb ) = ℭ (b ℭ )  ℭ (b ℭ (ℭ )). Also 

by using Proposition 2.17(ii), that implies ℭ ( ℭb ) = bint ℭ (ℭ )  bint ℭ (ℭ(ℭ )). Since ℭ 

satisfies the involutive condition, ℭ ( ℭb ) = bint ℭ  bint ℭ (ℭ ). 

The following example shows that if the monotonic and involutive conditions of the 

complement function ℭ can be dropped, then the conclusion of  Proposition 3.12 is false. 

Example 3.13 

Let X = {a, b} and  = {0 , {a.3, b.8}, {a.2, b.5}, {a.7, b.1}, {a.3, b.5}, {a.3, b.1},   {a.2, b.1}, {a.7, 

b.8}, {a.7, b.5}, 1}. Let ℭ(x) = x , 0  x  1 be the complement function. From this example, 
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we see that ℭ does not satisfy the monotonic and involutive conditions. The family of all 

fuzzy ℭ-closed sets is ℭ( ) = {0, {a.548, b.894}, {a.447, b.707},{a.837, b.316}, {.548, b.707},{a.548, b.316}, 

{a.447, b.316},{a.837, b.894}, {a.837, b.707},1}. Let  = {a.6, b.3}. Then it can be evaluated that bint ℭ 

 = {a.3, b.1}, ℭ  = {a.775, b.548} and        bintℭℭ  = {a.7, b.5}. Thus we see that bint ℭ   bintℭℭ  

= {a.775, b.548}. It can be computed that b ℭ  = {a.5, b.8}. Now ℭ  = {a.775, b.548}, b ℭ ℭ  = 

{a.837, b.707} and ℭb  = b ℭ   b ℭ (ℭ ) = {a.5, b.707}. Also ℭ ( ℭb ) = {a.707, b.840}. Thus 

we see that ℭ ( ℭb )  bint ℭ   bint ℭ ℭ . Therefore the conclusion of Proposition 3.12 is 

false.     

Proposition 3.14 

Let (X, ) be a fuzzy topological space. Let ℭ be a complement function that satisfies 

the monotonic and involutive conditions. Then for any fuzzy subset  of X, we have ℭb ( ) 

= b ℭ ( )  ℭ (bint ℭ ( )). 

Proof. 

By using Definition 3.1, we have ℭb ( ) = b ℭ ( ) b ℭ (ℭ ). Since ℭ satisfies the 

monotonic and involutive conditions, by using Proposition 2.9(ii), we have ℭb( ) = b ℭ 

( ) C (bint ℭ ( )).  

The next example shows that if the complement function ℭ does not satisfy the 

monotonic and involutive conditions, then the conclusion of Proposition 3.14 is false. 

Example 3.15 

Let X = {a, b, c} and  = {0, {a.2, b.6, c.2}, {a.7, b.3, c.7}, {a.2, b.3, c.2}, {a.7, b.6, c.7}, 1}.  Let ℭ 

(x) = 
2

3

)1(

1

x

x
, 0  x  1, be the complement function. We note that the complement function 

ℭ does not satisfy the involutive condition. The family of all fuzzy ℭ -closed sets is ℭ 

( )={0,{a.689, b.3062, c.689},{a.227, b.576, c.227}, {a.689, b.576, c.682}, {a.227, b.3062, c.227}, 1}. Let  = 

{a.5, b.3062, c.689}, the value of  b ℭ  = {a.5, b.3062, c.689} and ℭ  = {a.389, b.569, c.478}, it follows 

that ℭb  = b ℭ  b ℭ (ℭ ) = {a.389, b.3062, c. 4}. Also ℭ (bint ℭ ) = {a.689, b.576, c.689}. It 

follows that b ℭ  ℭ (bint ℭ ) = {a.227, b.3062, c.227}. This shows that ℭb   b ℭ  

ℭ(bintℭ ). Therefore the conclusion of Proposition 3.14 is false.  

Proposition 3.16 
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Let (X, ) be a fuzzy topological space. Let ℭ be a complement function that satisfies 

the monotonic and involutive conditions. Then for any subset  of X, ℭb(b int ℭ ( ))  

ℭb ( ). 

Proof. 

Since the complement function ℭ satisfies the monotonic and involutive conditions, 

by using Proposition 3.14, we have ℭb (bint ℭ ( )) = b ℭ (bint ℭ ( )) ℭ (bint ℭ (bint ℭ ( ))). 

Since bint ℭ ( ) is fuzzy ℭ -b-open, ℭb (bint ℭ ( )) = b ℭ (bint ℭ ( )) C (bint ℭ ( )). Since 

bint ℭ ( )  , by using Proposition 2.10(ii), b ℭ (bint ℭ ( ))  b ℭ ( ). Thus ℭb(bintℭ( )) 

 b ℭ ( ) ℭ(bintℭ( )). Since ℭ satisfies the monotonic and involutive conditions, by using 

Proposition 2.9, ℭb (bint ℭ( ))  b ℭ ( ) b ℭ (ℭ ). By using Definition 3.1, we have ℭb 

(bint ℭ ( ))   ℭb ( ). 

Proposition 3.17 

Let (X, ) be a fuzzy topological space. Let ℭ be a complement function that satisfies 

the monotonic and involutive conditions. Then ℭb  (b ℭ ( ))  ℭb ( ). 

Proof. 

Since ℭ satisfies the monotonic and involutive conditions, by using Proposition 3.14, 

ℭb(b ℭ ( )) = b ℭ (b ℭ ( ))  ℭ(bint ℭ (b ℭ ( ))). By using Proposition 2.10(iii), we have 

b ℭ (b ℭ ( )) = b ℭ ( ), that implies ℭb (b ℭ ( )) = b ℭ ( ) ℭ(bint ℭ (b ℭ ( ))). Since  

 b ℭ ( ), that implies bint ℭ ( )  bint ℭ ( ℭ ( )). Therefore, ℭb(b ℭ ( ))  b ℭ 

( ) ℭ(bint ℭ ( )). By using Proposition 2.9 (ii), and by using Definition 3.1, we get ℭb 

(b ℭ ( ))  ℭb ( ). 

Theorem 3.18 

Let (X, ) be a fuzzy topological space. Let ℭ be a complement function that satisfies 

the monotonic and involutive conditions. Then ℭb( )  ℭb  ℭb .  

Proof. 

By using Definition 3.1, ℭb ( ) = b ℭ( ) b ℭ(ℭ(  )). Since ℭ satisfies the 

monotonic and involutive conditions, by using Proposition 2.11(i), that implies ℭb ( ) 

= (b ℭ ( ) b ℭ ( )) b ℭ (ℭ( )). By using Lemma 2.4 and Proposition 2.11(ii), ℭb 

( )  (b ℭ ( )  b ℭ ( ))  (b ℭ (ℭ )  b ℭ (ℭ )). That is, ℭb ( )  
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(b ℭ( ) b ℭ(ℭ )) ( b ℭ ( )) b ℭ (ℭ )). Again by using Definition 3.1, ℭb ( )  ℭb 

( )  ℭb ( ). 

Theorem 3.19 

 Let (X, ) be a fuzzy topological space. Suppose the complement function ℭ satisfies 

the monotonic and involutive conditions. Then for any two fuzzy subsets  and  of a fuzzy 

topological space X, we have ℭb (  )  ( ℭb ( ) b ℭ ( )) ( ℭb ( ) b ℭ ( )). 

Proof.  

 By using Definition 3.1, we have ℭb ( ) = b ℭ ( )  b ℭ (C ( )). Since ℭ  

satisfies the monotonic and involutive conditions, by using Proposition 2.11(i), Proposition 

2.11 (ii) and by using Lemma 2.4(iv), we get ℭb ( )  (b ℭ ( ) b ℭ ( ))  (b ℭ (ℭ )  

b ℭ (ℭ )) is equal to [b ℭ ( ) b ℭ(ℭ )] (b ℭ ( ))  [b ℭ ( ) b ℭ (ℭ )]  b ℭ ( ). 

Again by Definition 3.1, we get ℭb (  )  ( ℭb ( ) b ℭ ( )) ( ℭb ( ) b ℭ ( )). 

Proposition 3.20 

 Let (X, τ) be a fuzzy topological space. Suppose the complement function ℭ satisfies 

the monotonic and involutive conditions. Then for any fuzzy subset  of a fuzzy topological 

space X, we have (i) ℭb ( ℭb ( ))  ℭb ( )                                

(ii) ℭb ℭb ℭb   ℭb ℭb . 

Proof.  

 By using Definition 3.1, ℭb  = b ℭ   b ℭ (ℭ ). We have ℭb ℭb  = b ℭ 

( ℭb )  b ℭ [C ( ℭb )]  b ℭ ( ℭb ). Since ℭ satisfies the monotonic and involutive 

conditions, by using Proposition 2.17(ii), b ℭ = , where  is fuzzy ℭ -b-closed. Here ℭb 

is fuzzy ℭ - b-closed. So, b ℭ ( ℭb ) = ℭb . This implies that ℭb ℭb   ℭb . This 

proves (i).  

(ii) Follows from (i).  

Proposition 3.21 

           Let  be a fuzzy ℭ-b-closed subset of a fuzzy topological space X and  be a fuzzy ℭ-b-

closed subset of a fuzzy topological space Y, then     is a fuzzy ℭ-b- closed set of the 

fuzzy product space X  Y where the complement function ℭ satisfies the monotonic and 

involutive conditions. 
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Proof. 

Let  be a fuzzy ℭ-b-closed subset of a fuzzy topological space X. Then by applying 

Lemma 2.4, ℭ  is fuzzy ℭ -b-open set in X. Also if ℭ  is fuzzy ℭ - b-open set in X, then ℭ   

1 is fuzzy ℭ -b-open in X  Y. Similarly let  be a fuzzy ℭ -b-closed subset of a fuzzy 

topological space X. Then by using Lemma 2.4, ℭ  is fuzzy ℭ-b-open set in Y. Also if ℭ  is 

fuzzy ℭ -b-open set in Y then ℭ   1 is fuzzy ℭ-b-open in X  Y. Since the arbitrary union of 

fuzzy ℭ - b-open sets is fuzzy ℭ- b-open. So, ℭ   1  1  ℭ  is fuzzy ℭ-b-open in X  Y. We 

now that  ℭ(   ) = ℭ   1  1  ℭ , hence ℭ (   ) is fuzzy ℭ- b-open. By using Lemma 

2.4,    is fuzzy ℭ - b- closed of the fuzzy product space X   Y. 

Theorem 3.22 

Let f: X Y be a fuzzy continuous function. Suppose the complement function ℭ 

satisfies the monotonic and involutive conditions. Then ℭb (f -1( )) ≤ f -1 ( ℭb ( )), for 

any fuzzy subset  in Y. 

Proof.  

Let f be a fuzzy continuous function and  be a fuzzy subset in Y. By using Definition 

3.1, we have ℭf (f -1( )) = b ℭ (f -1( ))  b ℭ (ℭ(f -1( )). By using f -1 (ℭ ) = ℭ(f -1( )), 

ℭb (f -1 ( )) = b ℭ (f -1( ))  b ℭ (f -1(ℭ )). Since f is fuzzy continuous and f -1( )  f -1( ℭf 

( )), it follows that f ℭ (f -1( ))  f -1(f ℭ ( )). This together with the above imply that ℭf 

(f -1( )) ≤ f -1(f ℭ ( )) f -1(f ℭ (ℭ )). By using Lemma 2.11, ℭf (f -1( )) ≤ f-1(f ℭ )  f ℭ 

(ℭ )). That is ℭf (f -1 ( )) ≤ f -1( ℭf ( )).    

4. Comparative study on Fuzzy boundaries 
Here we introduce the other two Fuzzy boundaries and do some comparative study. 

For simplicity let us denote Fuzzy ℭ-b- boundary as ℭb 2  and is defined as, ℭb 2  = b ℭ 

∧ b ℭ(ℭ ).  

Definition 4.1  

The fuzzy w- ℭ b- boundary of a fuzzy set  in a fuzzy topological space X is denoted 

by ℭb 1  and is defined as the infimum of all fuzzy ℭ-b-closed sets D in X with the property 

D(x) ≥ b ℭ ( ) for all ∈  for which [b ℭ ∧b ℭ(ℭ )](x) > 0.  

Definition 4.2  
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The fuzzy  ℭ-b- boundary of fuzzy set  in a fuzzy topological space ( , ) is defined 

as the infimum of all ℭ-b- closed fuzzy sets D in X with the property D(x) ≥ [b ℭ ](x) for 

all ∈  for which [b ℭ ∧ b ℭ(ℭ )] (x) > 0. We shall represent it by ℭb 3 .  

Interrelationship among generalized boundaries:  

1. b ℭ  ≥ ℭb 1  ≥ℭb 3 .  

2. ℭb 1 ≥ ℭb 2 .  

That is ℭb 1  contains the other two ℭ-b-boundaries, where all are contained in the 

ℭ-b-closure of the set.  

Remark 4.3  

Fuzzy ℭ-b- boundary and fuzzy ℭ-b- boundary are independent of each other. 

Example 4.4  

Let X = { a, b} be a set with the Fuzzy topology , = { 0, {a.4 , b.8}, {a.6, b.9}, {a.5,b.7}, 

{a.8, b.7}, {a.3, b.2}, {a.4, b.2}, {a.5, b.2}, {a.6, b.7}, {a.5, b.8}, {a.8, b.8}, {a.4, b.7}, {a.6, b.8}, {a.8 ,b.9}, 

1}. Let  = {a. 4,b.8}, = {a.6, b.8}. Then ℭb 1  = {a.5, b.8} ℭb 1  = {a.6, b.8} . ℭb 2  = {a.5, b.2} 

ℭb 2  = {a.4, b.2} . ℭb 3  = {a.5, b.8} ℭb 3  = {0} . Where our ℭ- complement function is just 

(1-x). Hence ℭb 3  ≨ ℭb 2  and ℭb 2  ≨ ℭb 3 .  

Properties  4.5  

i. b ℭ =  ∨ ℭb  = b   ∨ ℭb  where i=1,3  

ii. b ℭ  ≥ b   ∨ ℭb 2   

Proof. 

(i)This part of proof has two cases.  

Case (a): When i=1, If [b ℭ ∧ b ℭ(ℭ )] > 0 then ℭb 1 = b ℭ  . If b ℭ ∧ b ℭ(ℭ ) = 0 

then b ℭ(ℭ )=0 then ℭ =0 ⇒ =1 that is b = b ℭ  = 1 ⟹ b   ∨ ℭb 1 = b ℭ  . 

b   ≤  ≤ b ℭ  . ⟹  ∨ ℭb 1 = b  ℭ .  

Case (b): When i=3, We know that ℭb 3  ≤ b ℭ  and b   ≤b ℭ . So,   ∨                  

ℭb 3 ≤ b ℭ . But if b ℭ −b  >0 ⇒ b ℭ  = ℭb 3 . Also if b ℭ −b  =0 then b ℭ 

= b   .Thus b ℭ = b   ∨ ℭb 3 ≤ b ℭ . 

(ii)We have, Since by definition b   ∨ ℭb 2 =  ∨[ b ℭ  ∧ b ℭ (ℭ ) ] = ( ∨b ℭ  )∧ 

b ℭ (ℭ ) . Also b ℭ  ∧ b ℭ (ℭ ) ≤ b ℭ . Similarly,  ∨ ℭb 2 ≤ b ℭ .  
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Remark 4.6  

1. If  is fuzzy ℭ -b-closed set if and only if ℭb 2  ≤ ℭ .  

2. If  is fuzzy ℭ-b-closed then ℭb 2  ≤ .  

Theorem 4.7  

Let  be a fuzzy ℭ- b-closed set if and only if ℭb  ≤ , i=1, 3  

Proof. 

(1) We have ℭb 1 ≤ b ℭ  = . That is ℭb 1 ≤ . Then b ℭ =  ∨ ℭb 1  ⇒ b ℭ 

=  ⟹  is Fuzzy ℭ -b-closed. ℭb 3  ≤ b ℭ ( )=  then if ℭb 3  ≤  ⇒ b ℭ =  ∨ ℭb 3 =  

. Therefore  is fuzzy ℭ -b-closed.  

Remark 4.8  

If {b ℭ  ∧ b ℭ (ℭ )} > 0 then (i) ℭb 1 ≥  and (ii) ℭb 2 ≤ b ℭ .  

Theorem 4.9  

For any fuzzy set  in the fuzzy topological space, (i) ℭb [ℭb ] ≤ℭb , ( =1,3) (ii) 

ℭb [ℭb [ℭ ]] ≤ℭb [ℭb ] , ( =1,3)  

Proof. 

(i) Since ℭb  , i=1, 3 is fuzzy ℭ-b-closed, ℭb [ℭb ] ≤ℭb , ( =1,3) .  

(ii) Proof is straight forward.  

Remark 4.10  

If the intersection of the ℭ-b-closure of the set and the ℭ-complement of the set is 

empty then value of all the three forms of ℭ-b-boundaries are equal.  
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