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GENERALIZATION OF FUZZY B-BOUNDARY

K.Bageerathi*

Abstract
The aim of this paper is to present the notion of fuzzy €-b- boundary through the
arbitrary complement function €. Further we develop the concept by fuzzy €-b-closure and
fuzzy €-b-interior using this fuzzy €-closure operator. Topologically, fuzzy boundary was
defined by Warren[13] in 1977. Later Pu and Liu[12], gave another definition of Fuzzy
boundary. Later Cuchillo- Inbanez and Tarres[6], provided a new definition for boundary.
So, finally a relative study of these three fuzzy b-boundaries in different ways is also

established.
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1. Introduction.

Chang introduced the concept of fuzzy topological space[5] which is a natural
generalization of topological space in 1968. In [5], Chang’s study is restricted to the
concepts of such as open set, closed set, neighborhood, interior, continuity and
compactness. For a fuzzy set A in a fuzzy topological space X, we denote the Fuzzy closure
of A by CI A that equals to the infimum of fuzzy closed sets containing A. The connection
between the fuzzy open sets and the fuzzy closed sets is given by the standard complement
CA of A with the membership function €(x)=1- x.

The standard complement is obtained by using the function €: [0,1]—[0,1] defined
by €(x)=1-x for all x€[0,1].

Boundary generally marks the division of two contiguous properties. In topology
boundary of a set is defined as the set of points that belongs to both closure of the set and
closure of the complement of the set. Topologically, fuzzy boundary was defined by
Warren[13] in 1977. Later Pu and Liu[12], gave another definition of Fuzzy boundary.
Later Cuchillo- Inbanez and Tarres[6], provided a new definition for boundary. Athar and
Ahmad studied the properties of fuzzy boundary recently. K. Bageerathi et.al[4] extended
this standard complement function to the analog concepts with respect to an arbitrary
complement function €:[0,1]—]0,1].

In this paper the author using the complement function €:[0,1]—[0,1] , introduce
the concept of fuzzy €-b-closed set and fuzzy €-b-closure operator, fuzzy €-b-open set and
fuzzy €-b-interior operator in a fuzzy topological space. In this paper, first we introduce the
concept of fuzzy b-boundary and generalize the concept of fuzzy b-boundary using the
arbitrary complement function €.

For the basic concepts and notations, one can refer Chang[8]. The concepts that are
needed in this paper are discussed in the second section. The section three is dealt with the
concept of fuzzy € -b-boundary .

2. PRELIMINARIES

Throughout this paper (X,t) denotes a fuzzy topological space in the sense of Chang. Let

C: [0, 1]—>[0, 1] be a complement function. If & is a fuzzy subset of (X,t) then the
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complement €A of a fuzzy subset A is defined by CA(x) = € (A(x)) for all xeX. A complement
function € is said to satisfy
(i) the boundary condition if € (0) =1 and € (1) =0,
(i)  monotonic conditionif x<y = € (x) > € (y), forallx,y € [0, 1],
(iii)  involutive condition if € (€ (x)) =x, forall x €[0, 1].
The properties of fuzzy complement function € and €A are given in George Klir[8] and

Bageerathi et al[2]. The following lemma will be useful in sequel.
Lemma 2.1 [2]

Let € : [0, 1] — [0, 1] be a complement function that satisfies the monotonic and
involutive conditions. Then for any family {A«: a€A } of fuzzy subsets of X, we have

(1) € (sup{r« (x): aeA}) = inf{ € (Aa (x)): acA}=inf{( € A« (x)): a€A} and

(ii) € (inf{A« (x): aeA}) = sup{ € (A« (x)): aeA}= sup{( € A« (x)): acA} for xeX.
Definition 2.2 [Definition 2.15, [3]]

A fuzzy topological space (X t) is € -product related to another fuzzy topological space (Y,
o) if for any fuzzy subset v of X and £ of Y, whenever €A 2 vand Cp 2 {imply CAx1v1
x Cun=vxE where € tand p o, there exist A1 etand piecsuchthat €A1 2vor € pg 2
CandCAlix1vIxCm=CAx1v1ixCp.

Lemma 2.3 [Theorem 2.19, [3]]

Let (X t) and (Y, o) be € -product related fuzzy topological spaces. Then for a fuzzy
subset A of X and a fuzzy subset p of Y, bels (A x p) = bels A x belgp.
Lemma 2.4 [3]

Let (X, 1) be a fuzzy topological space and let € be a complement function that
satisfies the monotonic and involutive properties. Then a fuzzy set A of a fuzzy topological
space (X,1) is
(i) fuzzy € - b-open if and only if A <int cls ) v clg int .

(ii) fuzzy € -b-closed if and only if € A is fuzzy € -b-open.
(iii) The arbitrary union of fuzzy €-b-open sets is fuzzy € -b-open.

Definition 2.5[11]
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Let (X,t) be a fuzzy topological space and € be a complement function. Then for a fuzzy
subset A of X, the fuzzy € - b-interior of A (briefly bint ¢ ), is the union of all fuzzy C-b-open
sets of X contained in A. That is,

bints (M) = v {u: p <A, pis fuzzy €-b-open}.

Proposition 2.6 [11]

Let (X, 1) be a fuzzy topological space and let € be a complement function that
satisfies the monotonic and involvtive conditions. Then for any fuzzy subsets A and p of a
fuzzy topological space X, we have

() bint s A <A,

(ii)  Alisfuzzy € - b-open < bintch =2,

(iii)  bint s (bint ¢ \) = bint A,

(iv) IfA<pthen bintgh < bintg .

Proposition 2.7 [11]

Let (X, t) be a fuzzy topological space and let € be a complement function that
satisfies the monotonic and involutive conditions. Then for any two fuzzy subsets A and p
of a fuzzy topological space, we have (i) bint ¢ (L) > bint ¢ Av bint ¢ 1 and (ii) bint ¢ (AAW)
<bint ¢ A bint ¢ .

Definition 2.8 [11]

Let (X,t) be a fuzzy topological space. Then for a fuzzy subset A of X, the fuzzy €-b-
closure of A (briefly bcls 1), is the intersection of all fuzzy €-b-closed sets containing A. That
is bcleg A = A{p: p 2 A, pis fuzzy €-b-closed}.

The concepts of “fuzzy € - b-closure” and “fuzzy b- closure” are identical if € is the
standard complement function.

Proposition 2.9 [11]

If the complement functions € satisfies the monotonic and involutive conditions.
Then for any fuzzy subset A of X, (i) € (bint ¢ 1) = bcls (€ A) and
(ii) € (bcls 1) = bint ¢ (€ 1), where bint ¢ A is the union of all fuzzy €-b-open sets contained
in A
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Proposition 2.10 [11]

Let (X, t) be a fuzzy topological space and let € be a complement function that
satisfies the monotonic and involutive conditions. Then for the fuzzy subsets A and p of a
fuzzy topological space X, we have

(1) A <bclg),

(ii)  Aisfuzzy C-b-closed < bclsg A =2,
(iii)  bcls (bcls A) = belg A,

(iv) IfA<pthen bclg A < bclg .

Proposition 2.11 [11]

Let (X, 1) be a fuzzy topological space and let € be a complement function that
satisfies the monotonic and involutive conditions. Then for any two fuzzy subsets A and p
of a fuzzy topological space, we have (i) bcls (Avp) = bels A v belg pand (ii) bels (Aap) <
bcls & A belg .

3. Fuzzy € -b-boundary

The concept of fuzzy b-boundary is defined as bBdA = bcl A bel (A%). In this section,
the concept of fuzzy €-b-boundary is introduced and its properties are discussed.
Definition 3.1

Let A be a fuzzy subset of a fuzzy topological space X and let € be a complement
function. Then the fuzzy €-b-boundary of A is defined as Bdespy A = bcls A belg (€ 1).

Since the arbitrary intersection of fuzzy €-b-closed sets is fuzzy €-b-closed, Bdsp A is

fuzzy €-b-closed.
Proposition 3.2

Let (X,t) be a fuzzy topological space and € be a complement function that satisfies
the involutive condition. Then for any fuzzy subset A of X, BdesA=Bdess(C 1).
Proof.

By using Definition 3.1, Bdes A = bcls An bels (€ A). Since € satisfies the
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involutive condition €(€A) = A, that implies Bdsy A = bcls (EA)A bels € (€A). Again by using
Definition 3.1, Bdey A = Bdes (C 1).
The following example shows that, the word “involutive” can not be dropped from

the hypothesis of Proposition 3.2.

Example 3.3
Let X ={a, b, c} and 1 = {0, {a., b.7, c.8}, {a.s, b1, c.7}, {a.s, b, .7}, {a.s, b1, c.8}, {a.6, b.7,
c.7}, {a.s, b.7, c.8}, {a.6, b.g, €.7}, {a.2, bo, c.1}1}. Let € (x) = 11_—)(2, 0 <x<1, be the complement
+ X

function. We note that the complement function € does not satisfy the involutive condition.
The family of all fuzzy € -closed sets is € (1)={0,{a.294, b.201, C.122}, {a.122,bo, C.201},{a.122, b.294,
c.201},{a.122, bo,c.122}, {a.294, b.201, .201}, {a.122, b.201, C.122}, {a.294, b.294, C.201}, {a.769, b1, C.891}, 1}.
Let A = {a., bo, c.1}. Then Int A = {a.z, c.1}, Clg Int A = {a.294, b.201, c.122} and Int Cls A= {a.2, c.1}.
This implies that A > Cls Int A A Int Cls A = {a.2, c.1}. By using Proposition 4.2, A is fuzzy €-b-
closed. Then it can be verified that bcls A = {a.2, bo, c.1}. Now € A = {a.7¢9, b1, C.891} and the
value of bcle € A = {a.769, b1, c.891}. Hence Bdsy A = bcls A bels (€ L) = {a.2, bo, c.1}. Also € (€
L) = {a.12, bo, c.0607}, bels € (€ 1) = {a.12, bo, c.0607}. Bdss €A = bcle € A A bels € (€ 1) = {a.12,
bo, c.0607}. This implies that Bdgy A # Bdgp € A.

Proposition 3.4

Let (X,1) be a fuzzy topological space and € be a complement function that satisfies
the monotonic and involutive conditions. If A is fuzzy €-b-closed, then Bdsy A < A.

Proof.

Let A be fuzzy €-b-closed. By using Definition 3.1, Bdss A = bcls AA bclg (C A). Since €
satisfies the monotonic and involutive conditions, by using Proposition 2.10(ii), we have
bclg A = L. Hence Bdgy L < bcls A = A

The following example shows that if the complement function € does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 3.4 is false.
Example 3.5

Let X = {a, b} and 1 = {0, {a.s, b.c}, {a.75, b.2}, {a.5, b.2}, {a.75, b.e}, 1}. Let € (x) :12—X, 0
+ X

<x <1, be a complement function. From this, we see that the complement function € does
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not satisfy the monotonic and involutive conditions. The family of all fuzzy € -closed sets is
given by € (1) = {0, {a.667, b.75}, {a.857, b.333}, {a.667, b.333}, {a.857, b.75}, 1}. Let A = {a.665, b.162},
it can be found that cls A = {a.667, b.33} and Int cls A = {a.5, b.2} and cls Int A = {a.667, b.3}. This
shows that A is fuzzy € -b-closed. Further it can be calculated that bcls A = {a.667, b.75}. Now
C A = {a.s, b.gs7} and bclg €A = {1}. Hence Bdesy A = bcls A bels (€ L) = {a.667, b.75}. This
implies that Bdss A £ A. This shows that the conclusion of Proposition 3.4 is false.
Proposition 3.6
Let (X,t) be a fuzzy topological space and € be a complement function that satisfies the

monotonic and involutive conditions. If A is fuzzy €-b-open then Bdgy A < € A.
Proof.

Let A be fuzzy €-b-open. Since € satisfies the involutive condition, this implies that €
(€ 1) is fuzzy C-b-open. By using Lemma 2.4, € A is fuzzy C-b-closed. Since € satisfies the
monotonic and the involutive conditions, by using Proposition 3.4, Bds, (EA) < CA. Also by
using Proposition 3.2, we get Bdsy (1) < € L. This completes the proof.
Example 3.7

LetX={a, b, c} and t = {0, {a.3, b.5}, {a.5, b.2, c.15}, {a.5, b.5, c.15}, {a.3, b.2}, 1}.
Let € (x) = ﬁ 0 <x <1, be the complement function. We note that the complement
function € does not satisfy the involutive condition. The family of all fuzzy € -closed sets is
€ (t)={0,{a.414, b.222, c1}, {a.222, b.556, C.642}, {@.222, b.222, C.156},{a.414, b.642, €1}, 1}. Let A = {a.4,
b.122, c.57}, the value of bcls A = {a.414, b.222, c.174} and €A = {a.306, b.701, C.174}, it follows that
Bdsp A = bcls A bels (€ 1) = {a.306, b.222, C.642}. This shows that Bdsy A ¥ € A. Therefore the
conclusion of Proposition 4.6 is false.
Proposition 3.8

Let (X, 1) be a fuzzy topological space and € be a complement function that satisfies
the monotonic and involutive conditions. If A < p and p is fuzzy €-b-closed then Bdey A < .
Proof.

Let A < pand p be fuzzy €-b-closed. Since € satisfies the monotonic and involutive

conditions, by using Proposition 2.10(iv), we have A < p implies bcls A < bclg p. By using
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Definition 3.1, Bdgsr A = bcle A A belg (€ A). Since bcls A < bels 1, we have Bdesy A < bcls pa
bclg (CA) < bels p. Again by using Proposition 2.10 (ii), we have bcls p = 1. This implies that
Bdep A < .

The following example shows that if the complement function € does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 3.8 is false.
Example 3.9

Let X = {a, b} and t = {0, {a., b.o}, {a.7, b.3}, {a.6, b.3}, {a.7, b.o}, 1}. Let € (x) =12—X, 0<
+ X

x <1, be a complement function. From this, we see that the complement function € does
not satisfy the monotonic and involutive conditions. The family of all fuzzy €-closed sets is
given by € (1)={0, {a.75, b.947}, {a.8235, b.462}, {a.75, b.162},{a.8235, b.o47}, 1}. Let A = {a.7, b.4s} and
u = {a.76, b.s}. Then it can be found that Int clg p = {a.7, b.3}, Int p = {a., b.3} and cls Int p =
{a.75, b.4e2} . This implies that p > Int cls p A cls Int p = {a.7, b.3}. This show that p is fuzzy € -
b-closed. It can be computed that bcls A = {a.g, b.47}. Now € A = {a.g24, b.e2} and bcls € A =
{a.824, b.a7}. Bdes h = bels A A bels (L) = { a.g, b.a7}. This shows that Bdep A £ p. Therefore
the conclusion of Proposition 3.8 is false.

Proposition 3.10

Let (X,t) be a fuzzy topological space and € be a complement function that satisfies
the monotonic and involutive conditions. If A < p and p is fuzzy € - b-open then Bdsy A < €
L.

Proof.

Let A<p and p is fuzzy €-b-open. Since € satisfies the monotonic condition, by using
Proposition 2.10(iv), we have € u < € A that implies bcls C u < bcls € A. By using Definition
3.1, Bdsp A = bcls L A belg € L. Taking complement on both sides, we get € (Bdss A)=C (bcls
AA bclg (€ 1)). Since C satisfies the monotonic and involutive conditions, by using Lemma
2.1, we have € (Bdsp 1) = € (bcls L)V €(bcls (€ 1)). Since bele € p < bclg € A, € (Bdspr ) > C
(bcls C p)v € (bels )), by using Proposition 2.9(ii), € (BdesfA) > bint ¢ pv bint ¢ € A > bint ¢ .
Since p is fuzzy €-b-open, € (BdsyL) > 1. Since € satisfies the monotonic conditions, Bdess A

= URTH
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The following example shows that if the complement function € does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 3.10 is false.

Example 3.11
Let X ={a, b} and t = {0, {a.s, b.o}, {a.7, b.3}, {a.6, b.3}, {a.7, b.9}, 1}. Let €(x) =12—X, 0<x<
+ X

1, be a complement function. From this, we see that the complement function € does not
satisfy the monotonic and involutive conditions. The family of all fuzzy € -closed sets is
given by € (t)={0, {a.75, b.o47}, {a.8235, b.462}, {a.75, b.462},{a.8235, b.9a7}, 1}. Let A = {a.¢, b.3} and
1 = {a.e5, b.4}. Then it can be evaluated that Int A = {a., b.3}, and cls Int A = {a.75, b.4ez2}, Int cl¢
A = {a.e, b.3}. Thus we see that A < Int clg A Vv cls Int A = {a.75, b.4e2}. By using Lemma 2.4, A is
fuzzy € -b-open. It can be computed that bcls A= {a.g5, b.632}. Now €A = {a.75, b.462} and bcle
€ A = {a.gs5, b.632}. Bdss A = bclg h A bels (EL) = {a.gs, b.632}. This shows that Bdey A £ € p.

Proposition 3.12

Let (X,t) be a fuzzy topological space. Let € be a complement function that satisfies
the monotonic and involutive conditions. Then for any fuzzy subset A of X, we have
C(Bdgpr) = bint ¢ Av bint ¢ (€ L).
Proof.

By using Definition 3.1, Bdes A = bcle A A bclg (CA). Taking complement on both
sides, we get € (Bdsyr L) = € (bcle Anbclg (EL)). Since € satisfies the monotonic and
involutive conditions, by using Lemma 2.4(ii), € (Bdssr) = € (bcls L)v € (bels (€ 1)). Also
by using Proposition 2.17(ii), that implies € (Bdesp 1) = bint ¢ (€ L)V bint ¢ (€(CL)). Since €
satisfies the involutive condition, € (Bdgs 1) = bint ¢ Av bint ¢ (€ 1).

The following example shows that if the monotonic and involutive conditions of the
complement function € can be dropped, then the conclusion of Proposition 3.12 is false.
Example 3.13

Let X ={a, b}and t={0, {a3, b.g}, {a.2, b:s}, {a.7, b.1}, {a:3, b.s}, {a.3, b.1}, {a.2, b.1}, {a7,

b.g}, {a.7, b.s}, 1}. Let €(x) =v/x, 0 <x <1 be the complement function. From this example,
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we see that € does not satisfy the monotonic and involutive conditions. The family of all
fuzzy €-closed sets is €(t) = {0, {a.s48, b.go4}, {a.447, b.707},{a.837, b.316}, {.548, b.707},{a.548, b.316},
{a.447, b.316},{a.837, b.go4}, {a.837, b.707},1}. Let A = {a.6, b.3}. Then it can be evaluated that bint ¢
A ={as, b.i}, €A ={a.775, b.sag} and  bints€ A = {a.7, b.s}. Thus we see that bint ¢A v bintsCL
= {a.775, b.sag}. It can be computed that bclg A = {a.5, b.g}. Now €A = {a.775, b.sag}, bcls € A =
{a.837, b.707} and Bdgs A = bcls A A bels (L) = {a.s, b.7o7}. Also € (Bdes 1) = {a.707, b.gao}. Thus
we see that € (Bdesp A) # bint ¢ A v bint ¢ € L. Therefore the conclusion of Proposition 3.12 is
false.

Proposition 3.14

Let (X,t) be a fuzzy topological space. Let € be a complement function that satisfies
the monotonic and involutive conditions. Then for any fuzzy subset A of X, we have Bdgp (1)
= bcls (M) A € (bint ¢ ().

Proof.

By using Definition 3.1, we have Bdgp (1) = bcls (M) Abcls (EL). Since € satisfies the
monotonic and involutive conditions, by using Proposition 2.9(ii), we have Bdesy(A) = bcls
(MAC (bint ¢ (A)).

The next example shows that if the complement function € does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 3.14 is false.
Example 3.15

LetX ={a, b, c} and 1 = {0, {a.2, b.s, c.2}, {a.7, b.3, c.7}, {a-2, b3, c.2}, {a.7, b.s, €.7}, 1}. Let €

e
(x) = (i—x)z ,0<x<1, be the complement function. We note that the complement function
+ X

€ does not satisfy the involutive condition. The family of all fuzzy € -closed sets is €
(1)={0,{a.689, b.3062, C.689},{a.227, b.576, C.227}, {a.689, b.576, C.682}, {a.227, b.3062, C.227}, 1}. Let A =
{a.s5, b.3062, C.689}, the value of bclg A = {a.s, b.3062, C.689} and € A = {a.389, b.569, C.478}, it follows
that Bdey A = bcls A belg (€ 1) = {a.389, b.3062, C. 4}. Also € (bint ¢)) = {a.689, b.576, C.689}. It
follows that bclg An € (bint ¢ A) = {a.227, b.30s2, C.227}. This shows that Bdgy A # bcls An
C(bints A). Therefore the conclusion of Proposition 3.14 is false.

Proposition 3.16
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Let (X,t) be a fuzzy topological space. Let € be a complement function that satisfies
the monotonic and involutive conditions. Then for any subset A of X, Bdes(b int ¢ (1)) <
Bdep (1).

Proof.

Since the complement function € satisfies the monotonic and involutive conditions,
by using Proposition 3.14, we have Bdg (bint ¢ (1)) = bcls (bint ¢ (M))AC (bint ¢ (bint ¢ (1))).
Since bint ¢ (A) is fuzzy € -b-open, Bdep (bint ¢ (L)) = bcls (bint ¢ (M))AC (bint ¢ (A)). Since
bint ¢ (A) <A, by using Proposition 2.10(ii), bcls (bint ¢ (1)) < bels (A). Thus Bdes(bints(A))
< bels (MAC(bintg()L)). Since € satisfies the monotonic and involutive conditions, by using
Proposition 2.9, Bdsy (bint ¢(1)) < bcls (M) Abcls (€ A). By using Definition 3.1, we have Bdgs
(bint s (A)) < Bdgp (A).

Proposition 3.17

Let (X,t) be a fuzzy topological space. Let € be a complement function that satisfies
the monotonic and involutive conditions. Then Bdey (bcls (1)) < Bdes (A).

Proof.

Since € satisfies the monotonic and involutive conditions, by using Proposition 3.14,
Bdep(bcls (M) = bels (bels (1)) A €(bint s (bels ()))). By using Proposition 2.10(iii), we have
bcls (bels (M) = bels (A), that implies Bdey (bels (1)) = bels (M)AC(bint ¢ (bels (A))). Since A
< bcls (M), that implies bint ¢ (L) < bint ¢ (cls (A)). Therefore, Bdss(bcls (L)) < bcls
(MAC(bint ¢ (A)). By using Proposition 2.9 (ii), and by using Definition 3.1, we get Bdss
(bcls (M) < Bdes (1).

Theorem 3.18

Let (X,t) be a fuzzy topological space. Let € be a complement function that satisfies
the monotonic and involutive conditions. Then Bdsy(Avu) < Bdsy Av Bdes .

Proof.

By using Definition 3.1, Bdes (Avp) = bele(Avp)abels(€(Avu )). Since € satisfies the
monotonic and involutive conditions, by using Proposition 2.11(i), that implies Bdesp (Avp)
= (bcls (A)vbcls (u))Abcls (E(Avu)). By using Lemma 2.4 and Proposition 2.11(ii), Bdes
(Avp) < (bcls (M) v bcls (1)) A (bcle (CL) A bcls (Cu)). That is, Bder (Avp) <
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(belg(A)Abcle(CL)) v ( bels (n))Abcle (C)). Again by using Definition 3.1, Bdes (Avp) < Bdes
(M) v Bdep ().
Theorem 3.19

Let (X,t) be a fuzzy topological space. Suppose the complement function € satisfies
the monotonic and involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy
topological space X, we have Bdep (AAp ) < (Bdep (AM)Abcls (1)) v( Bdes (W)Abcls (A)).

Proof.

By using Definition 3.1, we have Bdesy (AAp) = bcls (Aap) A bels (C (Aap)). Since €
satisfies the monotonic and involutive conditions, by using Proposition 2.11(i), Proposition
2.11 (ii) and by using Lemma 2.4(iv), we get Bdesy (AAW) < (bcls (AM)Abels (WA (bels (€ A)v
bcls (€ p)) is equal to [bels (M)Abcels(€ L)) A(bcls (1)) v [bels (WAbcels (Cp)] A bels (A).
Again by Definition 3.1, we get Bdey (AR ) < (Bdepr (AM)Abcls (1))v(Bdsy (w)Abcls (1)).
Proposition 3.20

Let (X, t) be a fuzzy topological space. Suppose the complement function € satisfies
the monotonic and involutive conditions. Then for any fuzzy subset A of a fuzzy topological
space X, we have (i) Bdes (Bdep (1)) < Bdes (1)

(ii) Bdep Bdesy Bdsp A < Bdsp Bdep M.
Proof.

By using Definition 3.1, Bdes A = bcls A A belg (€ )). We have Bdesy Bdsph = bcls
(Bder L) A bels [C (Bdes))] < bels (Bdep A). Since € satisfies the monotonic and involutive
conditions, by using Proposition 2.17(ii), bclg A= A, where A is fuzzy € -b-closed. Here Bdgs
is fuzzy € - b-closed. So, bcls (Bdess A) = Bdesp A. This implies that Bdsy Bdsy A < Bdgp A. This
proves (i).

(ii) Follows from (i).
Proposition 3.21

Let A be a fuzzy €-b-closed subset of a fuzzy topological space X and p be a fuzzy €-b-
closed subset of a fuzzy topological space Y, then A x p is a fuzzy €-b- closed set of the
fuzzy product space X x Y where the complement function € satisfies the monotonic and

involutive conditions.
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Proof.

Let A be a fuzzy €-b-closed subset of a fuzzy topological space X. Then by applying
Lemma 2.4, € A is fuzzy € -b-open set in X. Also if € A is fuzzy € - b-open set in X, then € A x
1 is fuzzy € -b-open in X x Y. Similarly let u be a fuzzy € -b-closed subset of a fuzzy
topological space X. Then by using Lemma 2.4, € p is fuzzy C-b-open set in Y. Also if € p is
fuzzy € -b-open set in Y then € p x 1 is fuzzy €-b-open in X x Y. Since the arbitrary union of
fuzzy € - b-open sets is fuzzy €- b-open. So, €A x 1v 1 x € u is fuzzy €-b-open in X x Y. We
now that (A x n) = €A x 1 v 1x €, hence € (A x p) is fuzzy €- b-open. By using Lemma
2.4, A x nis fuzzy € - b- closed of the fuzzy product space X x Y.

Theorem 3.22

Let f: X—>Y be a fuzzy continuous function. Suppose the complement function €
satisfies the monotonic and involutive conditions. Then Bdesy (f -1(n)) < f -1 (Bdes (1)), for
any fuzzy subset pin Y.
Proof.

Let f be a fuzzy continuous function and p be a fuzzy subset in Y. By using Definition
3.1, we have Bde (f -1(n)) = bele (f 1(1)) A bels (C(f -1(1)). By using f -1 (€ u) = C(f -1(w)),
Bdep (f-1 (1)) = bels (f1(w)) A bels (f-1(Cp)). Since fis fuzzy continuous and f -1(u) < f-1(cler
(n)), it follows that fclg (f -1(n)) < f-1(fcls (1)). This together with the above imply that Bdesy
(f1(w) = f1(fecle (WAL (fcle (Cp)). By using Lemma 2.11, Bder (f -1(1)) < fi(fcle WA fels
(Cw)). Thatis Bder(f-! (1)) < f-1(Bder(1))-

4. Comparative study on Fuzzy boundaries
Here we introduce the other two Fuzzy boundaries and do some comparative study.

For simplicity let us denote Fuzzy €-b- boundary as €b d2A and is defined as, €b 92\ = bclC
AN bclE(CL).
Definition 4.1

The fuzzy w- € b- boundary of a fuzzy set A in a fuzzy topological space X is denoted
by €b0d1A and is defined as the infimum of all fuzzy €-b-closed sets D in X with the property
D(x) 2 bcl®A(x) for all x€X for which [bclC AAbclE(CA)](x) > 0.
Definition 4.2
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The fuzzy C €-b- boundary of fuzzy set A in a fuzzy topological space (X,7) is defined
as the infimum of all €-b- closed fuzzy sets D in X with the property D(x) = [bcl€ A](x) for
all xeX for which [bcl€ AA bcl€(CA)] (x) > 0. We shall represent it by €bdsA.
Interrelationship among generalized boundaries:

1. bclC A 2 Cbd1A 2Cb03A.
2. Cb0o1A2 Cbo2A.

That is €b0d1A contains the other two C-b-boundaries, where all are contained in the
C-b-closure of the set.

Remark 4.3

Fuzzy €-b- boundary and fuzzy CC-b- boundary are independent of each other.
Example 4.4

Let X = { a, b} be a set with the Fuzzy topology , 3={ 0, {a.4, b.g}, {a.s, b.9}, {a.5,b.7},
{a.s, b.7}, {a:3, b.2}, {a.4, b.2}, {as5, b.2}, {a.6, b.7}, {as, b.g}, {as, b.s}, {a.4, b.7}, {a.6, b.g}, {a.8,b.9},
1}. Let A = {a. 4,b.g}, n= {a., b.g}. Then €b d1A = {a.s, b.g} €hd1p = {a.¢, b.g} . €bI2A = {a.5, b.2}
Cho: = {a.4, b.2} . €b 03\ = {a.s5, b.g} €bd3pu = {0} . Where our €- complement function is just
(1-x). Hence €bd3A = €bd2A and €ho2A = ChosA.

Properties 4.5

i. bcl® A=\ V Cb0o;A = bint . V €bd;A where i=1,3

ii. bcl® A 2 bint A vV €b 021

Proof.

(i) This part of proof has two cases.

Case (a): When i=1, If [bcl€ AA bclC(EA)] > 0 then €bd1A= bcl€ A . If bel® AA bclE(CA) = 0
then bclC(CA)=0 then €A=0 =A=1 that is bintA= bclC A = 1 = bint A V €b d1A= bclC X\ .
bint A <A <bcl€L.= AV Ebd1A=bclg A

Case (b): When i=3, We know that C€bhdszA < bcleg)h and bint A <bclC A. So, int L V
Cbasis belC . But if bel® A-bint A>0 = bclC A = Cbdsi. Also if bcl€r-bint A=0 then bclC
A= bint A .Thus bclC A= bint L V €bdzi< bclCA.

(ii))We have, Since by definition bint A V €bd2A= A V[ bcl€ A A bcl€ (CA) | = (AVbclE A )A
bcl® (CA) . Also bcl€® A A bel® (CL) < bel®A. Similarly, A vV €b d2.< bclC A.
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Remark 4.6
1. If A is fuzzy € -b-closed set if and only if €hd2A < CA.
2. If A is fuzzy €-b-closed then €b 02\ < A.
Theorem 4.7
Let A be a fuzzy €- b-closed set if and only if €bo;A < 2, i=1, 3
Proof.
(1) We have €b 01A< bclC A =A. That is €b d1A< A. Then bcl€ A=A VvV €b 011 = bclC
A=A = A is Fuzzy € -b-closed. €bdzA < bcl® (A)=A then if €bdsAh <A = bclC A=AV Chozh= A
. Therefore A is fuzzy € -b-closed.
Remark 4.8
If {bcl€ L A bclC (CL)} > 0 then (i) €bd1A2 A and (ii) €bI2A< bclC A.
Theorem 4.9
For any fuzzy set A in the fuzzy topological space, (i) €bd;[€bo:A] <Cb A, (i=1,3) (ii)
Cboi[Cb 9:[Cpair]] <Cb 0;[CbI:A], (i=1,3)
Proof.
(i) Since €bair , i=1, 3 is fuzzy €-b-closed, €b 0;[Ch d;\] <Cb ), (i=1,3) .
(ii) Proof is straight forward.
Remark 4.10
If the intersection of the €-b-closure of the set and the €-complement of the set is

empty then value of all the three forms of €-b-boundaries are equal.
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