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HANKEL TYPE TRANSFORMATION ASSOCIATED
WITH CONVOLUTION OPERATORS AND
MULTIPLIERS ON HARDY TYPE SPACES

B.B.Waphare"

Abstract:

In this paper we study Hankel type transformation on Hardy type spaces. Further we investigate

Hankel type convolution operators and Hankel type multipliers on these Hardy type spaces.
Keywords: Hankel type transform, Hankel type multipliers, Hankel type convolution operators.
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1. Introduction and Preliminaries:

Following [29], we define the Hankel type transform as

he g (@) () = f @) @B () § (0x* d,
0

where J; denotes the Bessel type function of the first kind and order « — . Throughout this

1

paper we will assume that (a — ) = — 3

For every 1 < p < oo, we consider the space L’;' P constituted by all these Lebesgue measurable

functions ¢ on (0, «) such that

1/p

lgll, = { f GO dv(x)} <o,
0
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where dv(x) denotes the measure (x**/2% AT (3a + B)) dx. By L?, , we understand the space
Lo, ((0,0), dx) of the essentially bounded functions on (0, o).
It is clear that h, gdefines a continuous mapping from L%z,/z into Ly, z. Herz [17, Theorem

3]established that h, g can be extended to ijl,ﬁ as a continuous mapping from wa into Lif s for

every 1 < p < 2. Here p’ denotes the conjugate of p(that is p’ = p/(p — 1)).

In [2, Lemma 3.1] we proved by using the Marcinkiewicz interpolation theorem the
following LP — inequality that is a Pitt type inequality for the Hankel transformation [12,
Corollary 7.4]

Theorem A: Let1 <p < 2. Forevery ¢ € L’;ﬁ we have

Iy x2CaP@=D| b, 5 () ()] dv(x) < € [ IpCIP dv(x) (1.2)
where C is a suitable positive constant depending only on p.
Our first aim in this paper is to give a sense to the inequality (1.1) when 0 < p < 1. Note

that in general (1.1) is not true when p = 1. Indeed, define

b (x) = {1, x € (0,1)

0, otherwise
Then according to [11, p.22 (6)], hap(P) () = ¥y BB, 5(), ¥ € (0,0). Moreover

there exists K > 0 such that

|z (a+B)]3a+B(Z)| > m,for every z € (0,k)

Thus, we have

fOK‘i_x < 259361 (S5a + 3B) fOtha,ﬁ(cb)(x)li—x (1.2)

Suppose now that (1.1) holds for p = 1 and for every ¢ € L}xﬁ As ¢ € L}X,B , We can write

0 d 1 C
Iy Rap@ )| = <€ [ av(x) = e Frarsm L)

for a certain C > 0. By combining (1.2) and (1.3) it concludes that

K
dx
— < (.
X

0

Thus we get a contradiction
To study the inequality (1.1), when 0 < p < 1, inspired in celebrated and well-known

results concerning to Fourier transforms ([6]and [12, Chapter III]), we need to introduce new
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Hardy type function spaces. The Hankel translation [18] plays an important role in the definition
of our atomic Hardy spaces. Haimo [16] and Hirschman [18] investigated a convolution

operation and a translation operator associated to the Hankel transformation. If f,g € Lit_ﬂ , the

Hankel type convolution f#g of f and g is defined by

(Fg)() = f FO(, )0 dv (), v € (0,0)
0

where the Hankel type translation ,, ; y € (0, ) is given by

(o) () = f Dep(,y,2) g(@) dv @), %y € (0,),
0
being
20SB0((3a + B)2)
FQa)Vn

and where A (x,y, z)denotes the area of a triangle having sides with lengths x,y and z when

(xyz) 2B A (x,y,2)"*F x,y,z € (0,),

Da,ﬁ(nyl Z) =

such a triangle exists, and 4 (x,y,z) = 0, otherwise.
In [16] and [18] the Hankel convolution and Hankel translation were studied on the

L’;ﬁ —spaces. In recent years in [30] and [24], the # - convolution and the operator 7,,y €

(0, o0) have been studied in spaces of generalized functions with exponential and slow growth.

We now define our atomic Hardy type spaces.Firstly we introduce a class of fundamental
functions that we will call atoms. Let 0 < p < 1. A Lebesgue measurable function on (0,%)is a
p-atom when a satisfies the following conditions

(i) there exists a € (0, c0)such that b(x) =0, x = a.

@i |Ipll, < v (o, a)%_%, where a € (0, ) is givenin (i) ;
(iii) [*x¥ b(x) dv(x) = 0 forevery j = 0,1,....7,
where r = [(3a+ B) (1 —p)/p]. Here by [x] we denote the integer part of x. By S, we
represent the function space that consists of all those even functions ¢ belonging to the Schwartz
space S. S, is endowed with the topology induced in it by S. As usual S, denotes the dual space
of S,.S, is equipped with the weak = topology.

Let 0 < p < 1. Our Hardy type space H, , p is constituted by all those f € Scthat can
be represented by
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f = Z?;O Aijjaj (14)

being x; € (0,),4; € Cand g; is a p-atom, for every j € N, where

(o]
DIyl <
j=0

and the series in (1.4) converges in S .
We define on 7(,, , g the quasinorm || ||, o g by

1/p

Il = el D147 )
=0

where the infimum is taken over all those sequences (/1]-)7;0 c C such that f is given by (1.4)

for certain x; € (0,%)and p-atoms a; , j € N.
By proceeding in a standard way (See [13], for instance)we can see that defining the

metric dp, o gON 3, o p DY

dp,a,ﬁ(f'g) = ”f_g”;a,ﬁ , f.g € }[p,a,ﬁ ’
Hp,ap is cOmplete, metric linear space. Moreover, #{, , 5 is a quasi Banach space.In Section 2
we study the Hankel transformation on the Hardy type space H, , . In particular we establish
the following extension of Theorem Ato 0 < p < 1.

Theorem 1.1: Let 0 < p < 1. Then there exists C > 0 such that

f I s (NGO x26&BP=2) dy(x) < CIIFIT, ,
0

forevery f € Hpup -

Note that the inequality showed in Theorem 1.1 can be seen as a Paley type inequality for
Hankel transforms [12, p.55]. In [21] Y. Kanjin has obtained, for other variant of the Hankel
transformation, an inequality similar to the one established in Theorem 1.1 that holds on classical
Hardy spaces.

Following [4] we can prove the following result:

Theorem B ([4, Theorem 1.1]). Let 1 < p < oo. Assume that Kk is a locally integrable function
on(0, co)and define the operator T, by T\, f = k #f. If the following two conditions

(i) there exists C, > Osuch that T, fll, < C,lIfl,, f € ch)r,l?’
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(ii) there exist two positive constants A and B such that for every x,y € (0, o)

j|(rxk)(z) — (Tyk)(z)| dv(z) <A, |x—2z|>B |y — x|
hold, then for every 1 < g < p there exists C, > 0 for which

ITeflly < Collflly , f € L%g,

and there exists C; > 0 being

¢y
y(x € (0,0): [T fCOI > 4D < —llfll.,  2>0and f € Log -

In Section 3 we study the Hankel type convolution operators on 3£, o g.If m € L7 sthen

m defines a Hankel type multiplier M,,, through
Mpf = hop(mhgp f).

In particular if m € L}x,ﬁ and h,g(m) € Lé_ﬁ, M,,, coincides with the convolution
operator T, , (m) ([18, Theorem 2d]). Gosselin and Stempak [14] obtained a Hankel version of
the celebrated Mihlin-Hormander Fourier multiplier Theorem. The authors [4, Theorems 1.2 and
1.4] and Kapelko [20] have extended the multiplier theorem of Gosselin and Stempak in

different ways. In Section 4, inspired in the ideas included in the papers of Coifman [7] and

Miyachi [25], we study Hankel type multipliers in the space H; 4 p-

2. The Hankel type transformation of 3£, ¢ :
Our aim in this section is to study the Hankel type transformation on the Hardy type spaces
Hp,ap- Here we prove, as a main result, Theorem 1.1.0ur results can be seen as a Hankel

version of celebrated properties concerning Fourier transforms of classical Hardy spaces ([6], [8]
and [12]).
Firstly we establish useful estimates for the Hankel type transform of p-atoms.

Lemma 2.1: Let 0 < p < 1. Then for every p-atom, we have

() [hep(B)] < Cy*T*VYIblIzA, y € (0,00),

where A = {2(r + Dp +2Ba + B)(p — D}/ {Ba + (2 - p)},
(ii) |has (DY) < CUBIEP™P™2 [y € (0,00).

Proof: Let bbe a p-atom. Assume that a € (0, ) is such that b(x) =0, x = a and

Ibll, < v ((0,@))"*™" (2.1)
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(i) since

o

f a(x)x¥ dy(x) =0,

0
foreveryj € N,0 <j <r=[@Ba+p)([1—-p)/pl,

we can write
ha g (D)) = f )@ B _p(xy) b()x* dx
0

= [(0y) @B y_p(xy) — Xip 6jap(xy)?) b(x)x*,
y € (0,00),where ¢j,p = (-1)/ /{29 F*2T(@—p+j+ 1jl}, j=0,..,7.
Hence according to [22, (2.2)], from (1.5) it follows

a
Ihe g (B) ()] < € y2r+D) f 16O 12T+ Dy (x)
0

s 1/2

< € y2T+ Db, f Dy ()
0

< Cy? 0 D|bllpaT+ V3t < Cy2rI|bliz4,  y € (0,00),
being A = {2(r + Dp + 2B + A — D}/ Ba + /(2 - p),

(ii)By taking into account that the function z‘(“‘ﬁ)]a_,g (z)is bounded on (0, ), we can write
a
hes®O) <€ [IbGI*dx < lbll,a*+#
0

<C ||b||§(p_1)/(p_2), y € (0, ).
Thus proof is completed.
As a consequence of Lemma 2.1, we prove the following essential property.

Proposition 2.1: Let 0 < p < 1. If b is a p-atom then

|he s (TxD) )| < € y2CH+RAP=D 5y € (0,00).
Proof : Let b a p-atom. Assume firstly that

Y2 )| p|I54 < ||al|2PV/P7D | wherey € (0, ) and as in Lemma 2.1

A=20+Dp+2@a+pL)(p—1}/{Ba+ B)(2—p)}. Then, from Lemma 2.1, (i) it infers
that
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e g (DY] < Cy>T*D|Ibllz* < € y?Ge+PC/e=D -y € (0,00) .
On the other hand, if y2T+D||b[I34 = ||b]|2P~/®~ then Lemma 2.1, (ii), leads to

|ha g (D] < CIIBIET™V/P™2 < ¢ y2Ca+mA=, -y € (0,00).
Thus we have proved that
|hag (D)YD)] < € y*CatPUP=D 1y € (0,00) (22)
According to [24, (2.1)]

hap (txb)(¥) = 2°7FTBa + B)(xy) ™ Py _g(xy)hap (D)), x,y € (0,%).

(2.3)
Note that here C is a positive constant that is not depending on x,y € (0,). Thus proof of
proposition is completed.
The Hankel type transformation h, ; is an automorphism of S,([1,Satz 5] and [10,

2.81]. The transformation /a4 is defined on the dual space Se’by transposition. That is, if /€
Se »he g fis the element of S, defined by

(ha,ﬁ £,y = (f, ha,ﬁ ®), b €S,.

Thus as it is well-known, h, ; is an automorphism of S; .Hence if f € 3,5, With0 <p <1
and fadmits the representation (1.4) where x; € (0,), 4; € C and b; is a p-atom, for every

j €N, and

Dl <o,
j=0

then, according to (2.3),

hap (F)) = 29 BTGBa + B) 220 4 (53) ™ P Jucs (5) hag (b)), (2.4)

y € (0,).
Moreover, since
Dl = (DIl
j=0 j=0

From Proposition 2.1, it deduces that h, s f is a continuous function on (0, o) and that
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1/p

|ha,/3 (f)(y)l <C Z|’1j|p y2(3a+ﬁ)(1/p—1)’y € (0, ).

Hence we can conclude that
y BB/ DR, o (DO < Clifllpap, ¥y € (0,0). (25)
From (2.5) it informs the following weak type inequality for the Hankel type transformation
hep -
Proposition 2.2: Let 0 < p < 1. There exists C > 0 such that for every f € H, ,

||f||,,aﬁ e

v({y € (0,00) : |hgp (N)|y2Ge+A=2/P) > 31) < € (0,).

Proof: Let f € H,,pand 2 € (0,).By (2.5) it follows

(€ Iflpa /)’ C*2P

Y ([y € (0,00): |heg (H|y2 G2/ 5 2} < j &y ()
0

< /12’
Thus proof is completed.
To establish Theorem 1.1, next lemma is fundamental.

Lemma 2.2: Let 0 < p < 1. There exists C > Osuch that, for every p-atom,

f |hesg (DYPN| y?BPP-2gy (y) < C.

Proof: Let b be a p-atom. Assume that R > 0. By virtue of Lemma 2.1, (i), since
r>{Ba+p)A-p)/p}-1,

we can write
R
f |hap (B))|” y2CP@=2 gy (y) < € f y2r P 2GaNe-2 gy (y)||b||;
0
_ 2[(r+Dp+Ba+p)(p-1)]
<C (R ||b||123/[(3a+5)(p 2)]) (2.6)

Also according to [17, Theorem 3], Holder’s inequality leads to

j I 5 (D)7 y2E=+DE-2) gy (3)
R
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p/2 , o (2-p)/2

< U|ha,/z B3| dy (y)} U y~+Gath) gy (y)}
0 R

< C||b|PR-Ga+BIZ-D)  (2.7)

Now taking R = ||b||’2’/[(3“+ﬁ)(2_p)], from (2.6) and (2.7), we conclude that

j I s DY y2E=+DE2 ay(y) < ¢
0

Thus proof is completed.
Now we prove Theorem 1.1
Proof of Theorem 1.1: Let 0 <p <1land f € H,,p . Assume that f is given by (1.4). Then

he g (f)admits the representation (2.4) for certain x; € (0,), 4; € Cand a; p-atom, for each

€ N, and being

co
DIl <.
j=0

According to Lemma 2.2 and since the function z=(=#)],_; (z) is bounded on (0, )

we can write
[ Ihes DO 7080 Day0) < ¢ 3 |4 [ Ihas (@) 0
0 j=0 0

X y2GatPE=2) gy (y)
< € Z7/a]"
Thus
5 Thag (DO y?CP02dy(y) < CIFI g5
This completes the proof of theorem.

A Hankel version of the Hardy inequality appears when we take p = 1 in Theorem 1.1

Corollary 2.1: There exists C > 0 such that

[ Ihas OYONZ < Wl
0

forevery f € M qp -
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Finally, from a Paley-Wiener type theorem for the Hankel transform due to Griffith [15], we can

deduce a characterization of the distributions in 3, , sthrough Hankel transforms.

Let b be a p-atom. Assume that a € (0,)is such that b(x) =0, x =a, and

Ibll; ¥ ((0,@))? 7. Then according to [17, Theorem 3], it follows

1 1
e s, = lIbll, < ¥((0,@))> .
Moreover by taking into account well-known properties of the Bessel functions [30,5.1 (6) and

(7)] we can write
N shap®) =0, j=0,...r,
where A, g = x*#~2D,x**D, and r = [(3a + B) (1 — p)/p], where D, = ;—x.
Also by [15], hy g (b) is an even and entire function such that
|hep(B)(2)| < Ce®ima, 7 € C.

To simplify we will say that an even and entire function A is p —normalized and of exponential

type a € (0, ) when A satisfies the following conditions.

1 1

@M lAll; <y a2 »,
(i) AL, ; A(0) =0, j = 0,3, ..., 7 being A, z and r as above, and
(iii) |A(2)| = 0(e®™l), as |z| - oo.
In other words, we have proved that if b is a p-atom,h,, z(b) is p-normalized and of exponential
type a, forsome a € (0, ).
Conversely, suppose that an even and entire function A is p-normalized and of
exponential type a € (0, ). Then Griffith’s Theorem [15] implies that
he p(A)(x) =0, x = a, and that

lhe s AIl, < ¥ ((0,a))? .

Moreover,

a

he g (ha'ﬁ(A)) = Aand A, A (0) = (—1)ffx2j hep(A)(X) dy(x) =0, j=0,....,7
0

Thus by taking into account (2.3) we can conclude the following characterization of the

distributions in #, ¢ 5 -
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Proposition 2.3: Let 0 <p < 1. A distribution f € S;is in F, , 5 if and only if, there exist
x; € (0,), 4 € C and a p-normalized and of exponential type a; function A;,a; €

(0,0), foreveryj € N, such that
hag (D) = D 4G Py gAY,y € (0,0,
j=0

and that

oo
DIl <.
j=0

3. Hankel type convolution operators in the spaces Hp, 4 p :

In this section we study Hankel type convolution operators defined by
T f = k#f,
where k is a locally integrable function on (0, o), on the hardy type spaces H, , g. According to

[1], and [10] the topology of S, is also generated by the family {pm,n} nENof seminorms, where

m,

pm,n(¢) . Su('p)lxmAZ,ﬁ¢(x)|! ¢ E Se! m,n e N:
X € (oo

where A, p= x*$72D,x**D, , then {nf,‘;/’) } generates the topology of S, . Hence from [24,
,nEN

,n
mn

Proposition 4.2] we can deduce characterization of the Hankel type convolution operators on
S, and S,.

Our first result is an extension of Theorem B.

Proposition 3.1:Let k be a locally integrable function on (0, o) . Assume that the following two
conditions

(i) T, defines a bounded linear operator from wa into itself.

(i) There exist two positive constants A and B such that

j|- - ||(Txk)(z) - (Tyk)(Z)l dy (z) <A, x,y € (0,0),
xX—z|>B |y—x

and, for a certain c > 1,
1606 - k@l dr) <4, x € @R and R € (0,),
CcR

hold. Then T}, defines a bounded linear mapping from #{; , 5 into L}x_ﬁ.
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Proof: Let bbe a 1-atom. We choose a > 0 such that

1
b(x) =0, x > a, and ||bll, < v ((0,a)) =

We can write
f |(Teb) (0] dy(x) = f 4 f (b)) dy () = I, + 1.
0 0 ca

Here ¢ > 1 is the one given in (ii).
Since T}, is a bounded operator from L?x,ﬁ into itself, Holder’s inequality leads to

1 1
ca 5

] |(Tb) ()] dy(x) < { f |(Teb) ()2 dy(x)} { f dy(x)}
0 0 0

< C ||b||,a3**F < C

Also by taking into account that [~ b(y) dy(y) = 0,the condition (ii) allows us to write
0

j |(Tb) ()| dy (x) = j ] (Teb) () b dy )| dy )
Ca Ca '0
3 f f [(0k) () — k()] G dy ()| dy ()
Ca '0
< j b)) j (2, k) () — k()| dy (v () < C j G| dy ()
0 ca 0

1

0 ||b||2{f dy(y)} E d
0

Hence it concludes that
ITebll < C.
Note that the positive constant C not depending on the 1-atom b. Moreover, according to (2.3)
[18, Theorem 2d] and [29,p.16],
Tk (xb)lly = llk#,blly = llr(k#D)|l, < |lk#bll, <C, (3.1)
forevery x € (0,00).
Let now f be in H; , 5. Then f € S¢ and

f = Z;ozol’{]'[x]bj ,(32)
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where 4; € C, x; € (0,) and b; is a 1-atom, for every j € N, and

dyl<e
j=0

Series in (3.2) converges in L}w. Indeed, it is sufficient to note that, according to again [29, p.16]
lzxbll < lIbll; <1,
for every x € (0, c0)and every 1-atom b. Hence f € Lﬁl_ﬁ.
By virtue of Theorem B, 7,.f isin WeakL}x,ﬁand
T,f = Z‘]’-’;O ATy Ty jbj .(3.3)
By (3.1) the series in (3.3) converges in Ly, 5 and

ITefll < € ) 1.
j=0

Hence

ITeflls < Clifllyap-
Thus proof is completed.
The following result can be established by proceeding as in the proof of Proposition 3.1.
Proposition 3.2: Let k be a locally integrable function on (0, ). Assume that the following
three conditions are satisfied.

(i) T defines a bounded linear operator from Lﬁl,ﬁinto itself
(ii) T, defines a bounded linear operator from L;B into S,

(iii) There exist A > 0 and ¢ > 1 such that
fl(rxk)(z) —k(z)|dy(z) <A, x € (0,R)and R € (0, ).
CR

Then Ty, is a bounded linear mapping from #; , 5 into L}w.
Proof: It is enough to proceed as in the proof of Proposition 3.1. Here the condition (ii) replaces
to (1,1) weak type for the operator T}, that it is used in the proof of Proposition 3.1. Thus proof is
completed.

We now describe some sets of functions that define Hankel type convolution operators
between Hardy type spaces H,, , g-The corresponding results for the usual convolution operator

on classical Hardy spaces were established by Colzani [9].
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Proposition 3.3: Let 0 < p < g < 1. Assume that, foreveryn € N, x,, &, € (0,),andg,, is
a function that satisfies the following properties.

) gn(x) =0, x= 277";

(ii) llgnlly < €,22G**A0/a=1/Pn and

(III) ||t2(3a+)(1/p_1)ha,ﬁ(gn)”2 < En22(30(+[?)(1/q—1/2)n_

Suppose  also  that there exists C>0 such thatx, < C2™™,n€eN, and

oo
q
n=0

and define

o

k= z Ty In-

n=0
Then T, defines a bounded linear mapping from 3, , 5 into H, ; ¢
Proof: Firstly note that according to [18, Theorem 2b and Theorem 2d]

and by (2.3), we can write

co

Tyb = Z Ty, (b#gy).

n=0

Letn € N.

1 1
Suppose that b(x) = 0, x = a and that ||bll, < y ((0,a))> P,where a > 0. Then

(Txn(b#gn)) (x) =0, x = a+ 27"+ x,.Infact, we have

yhs
(ty9)@ = | Dup0rzwgal) dy@ =0, ly -zl 2™
s ly—z|
| (b#g,)(y) = f‘ b(2) (tygn)(2) dy(2) =0, y=a+27"
and then 0
(T2, (b#92) ) () = ] Doy Cen, %, 7) (b#9) () dy () = 0,
|2 —x|

x=a+ 2"+ x,.
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Moreover, since
fooo x b(x)dy(x) =0, j=0,.... ,1, being
r=[Ba+ B)(1 —p)/p], we have that

co

J- x% (b#g,)(x)dy(x) =0, j=0,....,r.
0

Indeed, letj = 0, .....,r. Fubini’s Theorem leads to

oo

f %2 (b#tgy) (x) dy (x)

0
_ f f f 3% b(3)gn(2)Da g (6, y,2) dy (2) dy(y) dy(x)
0 0O

10O fy 9n(@) [) 2% D p(x,y,2) dy (x) dy(2) dy(y). (3.4)

We now evaluate the integral

oo

ijjDa,[,»(x,y,z) dy(x), y,z € (0,).
0

Lety,z € (0,0).We can write, for certainb; ; € R, i =0, ....... )

[ xDep07.2 @)

0

= lim 27FT(3a + §) j x% (xt)~@ P, _p(xt)Dy p(x,¥,2) dy(x)
0

= Jim (~DI27 T Ga + B g, | GO o GO ,2) dY ()
0

= Jlim (=122 Pr@a + p)°A, 5 [P oy (0 (26) P y_p(20)]

j o
- L d\T )@ B, _p(yt)
— (—1)J92(a-p) 2 1 Cg2i (22 a—p
(—1)/22@Br3a + B) tll)rglJrZObl_]t ( )
L=

tdt)  [x (z2t)"@P)y_p(zt)
J i+]j
; _ . ; i+ —a+fB—
= (-1/22@PrGa + p)? Jim > byt > (FTT) o0 Y, 0
=0 =0

AN —(a—-pB)—-(i+j-1) _o2N\i+j-1
X (=y®)(zt) @ B0 piyj(zt) (=22
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_ 2 avi () y2

= IBa+ ‘8) bOJZl:O (l) 2/T(a—B+I+D)(a—L+j-1+1)
Hence by (3.4)

ro T'(3a + B)2by,j

| x g dyn) = =22

0

=0

j
: 1
xz(]l)l“(a—ﬂ+l+1)F(a—,8+j—l+1)

X f b(y)y?'dy(y) j gn(2)z20"Vdy(2) = 0.
0 0

By proceeding in a similar way to above we obtain

[0} ' Zbo’ |
f x2J (Txn(b#gn)) (x) dy(x) = I'(3a +2f) j
0

2(-D

J
- x>
X Z;(jl)l“(a—8+1+1)F(a—B+j—{’+1)

l

x [ yHrgDm ay 0) =o0.

0
We conclude that, for some p,, > 0, 7, (b#g,)/pyis a g-atom.
We shall now determinate p,, .

Firstly let us consider that a = 2™™. According to [18, Theorem 2b], it follows

Ib#galls < IBlsNgnlly < ¥((0,@))" % P e,2-2nGatpIA/p=1/a)

< Ce v ((O, a+ 2_"))1/2_1/q.

Here C is not dependingonnor b .

Assume now that a < 27™. By taking into account that

oo

j y5 b(y)dy(y) =0, j=0,....,r, being r = [Ba+B)(1—p)/pl,
0

we have

[ ST Ba + B)(AL pgn) ()2
b#gn@) = [ b0 [(rxgn)(w—z Shad F)((l - )f’;))y dy ()
0 =0
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x € (0,00).
Thus, since hy, g is an isometry on Li_ﬁ and by taking into account (2.3), it infers

YT Ba + p)

225 FUT(@— B+ [+ 1) &)

Ty9n — Aa BIn

b#gnll, < f ()|
0

dy(y) .

2

Moreover by [22, (2.2)] it follows

X ha,ﬁ (gn)

Ib#gall, < CfIb(y)ly2(3“+3)(1/p‘”||x2(3“+ﬁ)(1/”‘1)ha,3(gn)(X)||2d}/ )

a

<C flb(y)lyz(m*ﬁ)(l/p‘l)dy (y)g,22Ba+B(1/q-1/2)n
0
a 1/2

< C ||b||2 {f y4(3a+B)(1/p—1)dy(y) gn22(3a+ﬁ)(1/q—1/2)n
0

< € @2Ba+R/2-1/p) g2Ba+R(/p-D+Ga+p) g 92Ba+p)/q-1/2n
= ( £,22Ba+PW/a-1/Dn < Cg y ((0,a + 2""))1/2_1/q :
where again Cis not dependingonn or b .
Now, since there exists C > 0such that
Xn, < C27", forevery n € N, by [29,p.16], it has
7, (b#gn)||, < lb#gnll, < Ceny (0,a+ 27" +x,)Y/271/4,
Then p,, = C &, where C does not depend onnor b.

Thus we conclude that Tyb € H, 4, and

) 1/q
ITibllgap < C {2 sz}

n=0

Letnow f € H, 5, , beiNg
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f= zﬂjfyfaj :
=0

where y; € (0,), 4; € C and q; is a p-atom, for every j € N, and such that

o

DIl <o,

J=0

Since the last series converges in L}LB and k € L}LB , by taking into account [18, Theorem 2b]

ka = Z/lj‘rijkaj.
j=0

Then we obtain that
0 1/q
”ka”q,a,ﬂ &G <Z|Sn|q> “f”p,a,ﬂ'
n=0

4. Hankel type multipliers on Hardy type spaces #H' 44 :

Thus proof is completed.

In this section we study Hankel type multipliers on Hardy type spaces H;,p . Let mbe a
measurable bounded function on (0,0). According to [17, Theorem 3] the operator M,,, defined
by

Minf = hap (m hap(f))
is linear and bounded from wa into itself. In [4], [14] and [20] Hankel versions of Mihlin-

Hormander multiplier theorem have been obtained. Here we establish a Mihlin-Hormander

theorem for Hankel multipliers in a certain subspace of H; , 3. Note firstly that, according to

(25),if f € Hyap, 0<p <1, then M,,f isin Scand it is defined by

(Mynf, ) = j Mg (OISO dy ), & € S,
0

Moreover, we have

(Monf, ) < CIFIL s f Y2C DD h, (DY) dy(y), b € S,.
0

Hence M,,, is a bounded operator from £, , 5 into S.
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To establish our Hankel multiplier theorem that it is inspired in the results about Fourier

multipliers due to Miyachi [25], we need to introduce a subspace of #; 4 4.

We say that a measurable function b on (0, ) is a (1, ) — atom when b is a 1-atom
and ||bll < y((O,a))_l, where a € (0,)is such that ¢(x) =0, x > a. Note that if

bl < ¥ ((0,@))”" and ¢(x) =0 , x = a,wherea € (0,), then

Ill, < lIblle ¥ (0, @)™ < y((0,@) "

The space H; o g consists of all those f € Lir,ﬁ being
f = 270Aitx,b; (4.1)
where the series converges in S and 4; € C, x; € (0,00) and b; is a (1, o) —atom for every
Jj € N, and being
BiZol4] < oo.
Note that the series in (4.1) also converges in Ly, 5.

We define on H;, 4 the topology induced by the quasi norm ||. ||, 5 defined by

1150 = inf3 Y 2] E, f € Hip,
j=0

- g d oo
where infimum is taken over all those absolutely convergent complex sequences (/1]-)]__1 for

which the representation (4.1) holds for some x; € (0, ) and (1, ) —atoms b;,j € N.

It is not hard to see that 7, 5 is contained in H; , g and the topology of H77, zis weaker
than the one induced in it by 7{; , 5.

We are now in a position to establish our Hankel version of Mihlin-Hormander theorem
on Hardy type spaces.
Theorem 4.1: Assume that b >0, s >0, k€ N, k> Ba+p)/2and 0 <s— b2k + 3a +

L£'<2.Suppose also that 7z € 40, cois a bounded measurable function on g, co such that

l
G=) m(y)| < yS@AyP 2 0<Il<k, (42)

where A >1 and m(x) =0, 0 < x < 6, for certain § > 0. Then the Hankel multiplier M,,

defines a bounded operator from H,, ; into L}z.ﬁ .
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Proof: To see that M,,defines a bounded operator from %, sinto L}x,ﬁit is sufficient to prove
that there exists C > 0 such that

M bll, <C (4.3)
for every (1, ) —atom.

Indeed, let f € L% 5 N H[%, 5. Assume that

f=2 Atyh
=1

in S¢, where 4; € C, x; € (0,) and b;is an (1,) —atom , for every j € N, and being

o)

Dlyl<e.

j=0
Then

Minf = hap (m haﬁ(f)) - z A My (ijbj)
j=0

isin S; . Moreover, the last series converges in L}w. Indeed, since, M,,, commutes with Hankel
type translations, from (4.3), it deduces
l l
D Il Mo (zep)]. < € D14l ml e N n> L
j=n j=n

Thus, as L}x,ﬁ- convergence implies S, — convergence, we have

he g (m ha'/g(f)) (x) = Z A My, (‘L’x]. (aj)) (%), a.e.x € (0,0)
j=0

and
IMaflly < € T30l
Hence we conclude that
IMnflly < ClfITep -
As wa N Hiy pis a dense subspace of HyG 5, My, can be extended to Hi; ; as a

bounded operator from H %,  into Ly, 5.
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We now prove (4.3). Suppose that m(x) = 0, x € (0,1). Otherwise we can proceed in a
similar way. Let b be a (1, ) —atom and assume that b(x) = 0,x > a, ||blle < y((0, a))_l.
Since [Ibll, < ¥((0, a))_l/2 and M,, is bounded from LZ ; into itself,

Holder’s inequality leads to
[ Mab (O] dy(0) < C{fZMub @ dy@) aet8 < c. (44)

We choose a function ¢ € € (0,) suchthat ¢ (x) =0,x ¢ (1/2,2) and

co

Z ¢ (x/27) =1, x € (0,0)(see[19]).

j:—OO

Sincem(x) =0, x € (0,1)

we can write
me) = ) m), x € (0,6),
j=0

where m;(x) = m(x) ¢ (x/27) ,x € (0,0) and j € N.
To simplify in the sequel we write M; instead of M,,,;, j € N. Let € N .Since m; €
L%, g » we have that ([3, Lemma 2.1])
Mjb = k;#b , where k; = h,p(m;).

It is not hard to see that
Mp@| < [ (k)b dr3) < blla | |(k) )] dy 0)
0 0

= € a 264B) [*](1,k;) ) |dy (), x € (0,00).(4.5)

On the other hand, since
a
f b(x)dy (x) =0,
0

according to [23, p. 256] it has
Mib(x) = [ b)) (Ri (k) (x) dy(y), x € (0, ), (4.6)

where for a measurable function f on (0, ),
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y
ROING = [ 00,0)7,(8pf)WI7* do
0
being
=2(a-pB) _ —2(a—-p) 0<og<
0 (y,0) = {y o ’ y
,0) O , otherwise.
Foreveryl,s € N, o <1 <k, by (4.2), Leibniz’s rule leads to

i

(z) bmcol Gax) me

xd

< C ZZ 2j-0D+2sj Sup
2

J-1l<x<2j+1

=0
< € 2/(2'~9) (y(zf—l, 2f+1))1/2

< ¢ 2/(@s'=s+3a+8) | se N, 0<l<k

By taking into account now that

y i+h
iv.l?_ zChlx (( )(dx)) , where Cp;

IS a suitable positive constant for every h =0, .....,i and i € Na straight-forward manipulation

allows us to conclude

|2+ A‘ZZZf(l‘b)xz)lAz,BijZ

l i
1d /
< C ZZA 2122](1 b)i 2h (xd ) [x25 m](x)]
i=0 h= 2
l i 1d
<C ZZA 2122](1 b)i+2jh (x dx) [x25 m](x)]
i=0 h=0 2

< C A%2)(2s'=s+3a4B)92jbl | s € N, 0 <1<k (4.7)
By involving Holder’s and Minkowski’s inequalities [29, p.16] and (4.7) it follows

[ 1) @larmarw

2a 0
o 5 1/2
= f f |(2ek)) )|y () (1 + 472220-Dx2)" | ay ()
2a 0
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1/2

X {f (1+ A‘222j(1‘b)x2)_2k dy(x)}
0

o [/ a Xty

¢ (a2 L [ by 2@y v o)

2a \0 |x-y|

IA

) 1/2

X |kj(2)|dy (2)dy () (1 + A_222j(1_b)x2)k dy (x)

a/a Xty

¢ (a12/a-0) P f f f(1+A—2221'(1—b>z2)k|k,-(z)|

2a \0 |x—y]|

IA

b 1/2

X Dy p(x,y,2)dy(z)dy(y) | dy(x)

1
0 2 2

a
= (4~12/G=0)) 7GR j f [r.(1 + 422290 22) |k, ()| | ay () | dy (o)
2a \O0

a

< C(A—12j(1—b))‘(3“+ﬁ)f ”Ty [(1+A—222j(1—b)22)k|k]-|]||2dy(y)
0

<C (A—12j(1—b))‘(3“+3)a2(3a+5) ”(1 +A—222j(1—b)zz)kkj||
&

C (A—lzj(l—b))_(3a+'8)A2k2j(3a+ﬁ—s)22jbka2(30(+ﬁ)

IA

< C AZkH3a+Bj(bk+3a+B)=9) g2(a+h) (4.8)

By proceeding in a way similar to above (see [23, p.256]),

[ [1zom)@lareare

2a 0
aVy

< ¢ (41200 P [ [l [0+ 4222000022 g g
00

X 6 (y,0) dy(o)dy(y)
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aly
< € (A1) O gzicpiamsias) p2ivk f f 0(y,0) dy(a)dy().
00

Since
y

fe(y.a)dy(a) < Cy*, y€ (0,0),
0

we conclude that

co a

f f |(RL(0)k;) (0)|dy () dy(x)

2a 0

< CA2k+3a+ﬁ2j(b(2k+3a+[>’)—s+2)a2(5a+3ﬁ)_ (4_9)

By combining (4.5), (4.6), (4.8) and (4.9), it obtains
fleb(x)|dy(x) < C A?k+3a+Bpjlak+3a+p)-s)
2a

and

f|Mjb(X)| dy (x) < C a?A2k+3a+Bi(b@k+3a+p)=s+2)
2a

Now, we choose j, € N such that 2/cq < 1 < 2/0*1q, provided that a < 1, and we takej, =

—1, when a > 1. Since
n
> Mb
=0

convergesto M,,basn — o, in LE{,B’ we can write

[ MmbGolay @) < 3 [ IMb@]dreo

2a J=02a
Jo o

< C Za2A2k+3a+ﬁ 2j(b(2k+3a+ﬁ)—s+2)+ Z A2k+3a+B2j(b(2k+3a+ﬂ)—s)
j=0 j=jot1

< C (a2A2k+3a+ﬁ 2Jo(b(2k+3a+p)—s+2) 4 A2k+3a+B2j0(b(2k+3a+ﬁ)—s))

because 0 < s — b(2k + 3a + B) < 2. Then, since s > b (2k + 3a + ), it obtains
My b(2)| dy(x) < € A?k*3a+F - (4.10)

By combining (4.4) and (4.10), we obtain (4.3). Thus the proof is completed.
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